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On THE APPLICATIVE PHASE OF A MATHEMATICAL 
PRINCIPLE | 


In a paper read before the Baton Rouge meeting of the National 
Council of Teachers of Mathematics, E. G. Olds elaborated the topic 
“Use of Applications for Instructional Purposes’. His viewpoint 
suggests, even connotes, some wide, possibly profound, generalizations.* 

His own statement “‘To see how a mathematical law is applied is to 
gain a better understanding of its meaning’’, and the quoted words of 
President Wickenden ‘‘ The student learns principles best in connection 

with their applications’’ convey a meaning strangely at variance with 
that of the alleged remark of a certain Professor of pure mathematics. 
Upon being asked by one of his students what uses could be made of 
the mathematics he had just finished expounding, he is said to have 
replied ‘‘Thank God there is not one use to which it can be applied.” 

This is a period of the race’s history in which as never before the 
interests of mere individual must be held for sacrifice, if they are not also 
the interests of the community, or, wider still, the human group. In 
times when human needs cry to high heaven for relief, a worshipper 
before the Shrine of Truth in some wilderness remote from the distress 
calls of his fellows is apt to be confused when he finds that Truth has 
left its shrine and gone to minister to the distress calls. A science 
which insists on remaining entirely separate from any actual or po- 
tential human service application is scarcely worthy of its name. | 

To undertake seriously to apply a mathematical principle in the 
solution of a problem featured by real and human elements is to find 
the limitations of that principle. Knowledge of these limitations is 
therefore a contribution to the mastery of the principle. 

This page is too restricted for complete exposition of our thesis. 
Let us close with an illustration of the absurdity of devotion to Truth 
“though the heavens fall’. The illustration is the picture brought 
up by the story of two chess-players who were so bent upon their 
search for truth of chess (the issue of the game) that they knew not 
that the house had caught fire. So, in the same manner the furniture 
was removed, the players, game and table, were taken from the burn- 


ing house. 








S. T. SANDERS. 





*See Mathematics Teacher, February, 1941. 
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Some Introductory Exercises 
in the Manipulation of Fourier Transforms 


* 


By ROBERT H. CAMERON 
Massachusetts Institute of Technology 


1. Introduction. In this paper we will not be so much interested 
in the intrinsic properties of Fourier transforms themselves as in 
what we can do with them. ‘What formal manipulations can we carry 
on and what problems can we solve by using the Fourier transforms 
as one of our tools?” will be the questions we try to answer. It might 
therefore be well at the outset before even telling what a Fourier 
transform is, to give a few samples of problems it can solve for us. 
Perhaps if the problems interest the reader and their formal solutions 
intrigue or mystify him, he will be willing to read further and find out 
how those queer looking solutions were obtained. 

Let us take as one sample the non-linear integral equation 


(1.1) / f(x —t)f (t)dt+2f(x) = g(x); 
in which g(x) is a given function of the real variable x, and f(x) is the 
unknown function that we wish to find. To make the problem even 
more specific, let us assume that the given function is 


" 4x?+10 
~ (x4+5x?+4) 





g(x) 


Now I think the reader will agree that this is a problem to which no 
ordinary formal methods of approach apply. Linear integral equations 
are bad enough, but this is not even linear since f(x —/) and f(t) are multi- 
plied together. Yet it is possible by means of Fourier transforms to 
write down a formal answer to this problem, and then by accurate 
analysis justify the formal process under certain conditions. In order 
(we hope) to whet the reader’s curiosity, we shall write out the formal 
solution to (1.1) immediately, withholding the explanation of how it 
was obtained until a later part of the paper. Here it is: 


foe) 0 4 
jo f ail [| emote | du. 


*This is the fifth article in a series of expository articles solicited by the Editors. 
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If we use the specific function 





ie 4x?+10 
g x(x*+5x?-+4) 


and substitute in the above formula, we find (after carrying out the 
indicated operations with the aid of a table of definite integrals) that 





Moreover we can readily verify by substituting this function in the 
original equation (1.1) that it is actually a solution of the equation. 


Perhaps the reader might be interested at the start to see a few 
other equations whose solutions will be found by means of Fourier 
transforms. In many cases the solutions have to be left in the form of 
definite integrals, since these integrals cannot be evaluated finitely in 
the terms of elementary functions. However, even being able to ex- 
press the answer in such a form is better than not being able to express 
it at all. For instance, we shall see that the differential equation 

a?y dY 


Ser ee eg 
de + ms +x 0 





(1.2) 


has as its general solution 


(1.3) ya] e~"/2 cos (tx — (t#/3) )dt 
0 


+B | [e-*?2 sin (tx — (18/3) — 8/2 - 18-2] gt: 


that the integral equation 


“d 1 
1.4 —ftye-‘dt = 
(1.4) al p(x—tye 241 


has the bounded solution 


(x) -| (2+u*)cos ux —u sin ux itis 
0 











4+u? 




















—— 
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and that the difference-differential equation 


1 
x?+1 





1.5) Lila) 49) 44(@+)) = 


has the bounded solution 


f(x) -[ cos xs +cos(xs —s) +s sin xs _ 
0 





2+2 cos s+2s sins +s? 


2. The formal definition of a Fourier transform. The average 
paper on Fourier transforms or their applications is apt to present a 
rather forbidding aspect to the casual reader. One is assumed to have 
rather extensive knowledge of the Lebesgue integral and its properties; 
and in particular one is assumed to be very much at home in the spaces 
L,, Lx, and L,. Moreover it is usually taken for granted that the 
reader is well acquainted with the whole (very extensive) literature of 
Fourier Transforms, and that he is able to fit that particular paper 
right into the appropriate notch. Worst of all the theorems themselves 
are apt to merely deepen the mystery of the subject and completely 
discourage the reader; for in a large number of cases the hypotheses 
and conclusions seem to be entirely haphazard, having no relation 
whatsoever to anything else in mathematics, or even to each other. 
Guessing the behavior of the stock market five years in advance seems 
a small matter in comparison to guessing what conclusions will go 
with what hypotheses in the theory of Fourier transforms. 

Now obviously a great deal goes on under the surface; for mathe- 
maticians do not go around making altogether haphazard guesses, 
and then pulling out of a hat chains of logic which prove these guesses 
to be correct. This underlying creative thinking is almost certain to 
be obscured in the mass of detailed work necessary to prove the theorems 
rigorously; and if the author does not give a preliminary sketch or 
final summary of his work, his most important ideas may be lost to the 
reader who is not a specialist. All this is unfortunate, because many 
men who might advantageously use Fourier transforms as a tool in 
their work are discouraged and prevented from doing so. 

In order to avoid this difficulty and show the simplicity of the 
underlying ideas of the subject, we shall in this introductory paper 
lay aside all ideas of mathematical rigor. We shall not be explicit as 
to the type of integrals used or the sense in which infinite integrals 
are to be interpreted. These things are to exist in some reasonable 
sense; and just what is “‘reasonable’”’ belongs to a later phase of the 
subject. In this spirit we make the following definition. 
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Definition: Jf f(x)is a given function, and i= —1, the function 


(2.1) F(x) = - / e'**f(s)ds 





us 


is called the Fourier transform of f(x); and we shall denote this relation- 
ship in the following way: 
F(x)=3F (x). 


This definition will seem more concrete if we actually apply it to 
a particular function and find its Fourier transform. Let us apply it to 


f(x) =exp(—a?x*) =e-*™, 


(where a is a positive number). Replacing x by the variable of inte- 
gration s, we have f(s) =exp(—a’*s?); and substituting in (2.1), we have 


(2.2) F(x) = pitas etze—-2s'ds 
V2r J 
1 Lee) 


= e7 (2"/4a") ~(as—(12/20)) "Jo. , 
yV 2 
—-cO 


Let ¢=as —(ix)/(2a), and substitute in (2.2) then we have* 


F(x) = a e~ 2/40") -89t /g 
\ 2n a 


e~ (27/407) al ‘ e~(2"/ 40%) 
Se e~'dt= =a 
ay 2r ay2 

—oo 


since the probability integral 


| exp(—??)dt=\x 


(see for instance B. O. Pierce’s table of integrals or Wood’s Advanced 
Calculus). We have thus obtained the result: 








ev" => e~ (2"/40") i 





1 
ay2 
*Since x goes from — ~ to + ~ along the real axis, / really goes from 
—o-—(ix)/(2a) to +«—(ix)/(2a) 
along a line parallel to the real axis and x/(2a@) units below it. But it is easy to see 


that -_ line can be moved up to the real axis without changing the value of the in- 
tegral. 





STE 
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and in particular, when a =1/72, 
e- iz" => eo’, 


Thus we see that exp(—4x*) is its own Fourier transform; and we 
anticipate that it will play an important role in the theory for this 
reason. 


3. Formal properties of Fourier transforms. The concept we have 
just defined is a useful one because of its many useful formal properties. 
Some of these are: 


(a) Jt is linear. This means that if 
S(x)3F(x) and g(x)=3G(x), 
then F(x) +8 (x)=F (x) +G(x) 
and cf (x)=3cF (x) 


(where c is any real or complex constant). These facts are self evident 
when we write them out: 


[/ erseo1- | coger | e***g(s)ds 
[ ertoe-cf e***f(s)ds. 


(b) Jt replaces multiplication by 1x by differentiation. Symboli- 
cally 


ineca— F(x); 
dx 
or written out, 


d ° isz _ Fs isz| 7. 
£f e jae [ e'*=[ isf(s) |ds. 


This formula can be verified by merely carrying out the indicated 
differentiation; and it holds whenever differentiation under the integral 
sign is permissable. We shall of course not worry about such a detail 
at present, but will operate with this formula as though it were uni- 
versally true, and check up after all formal operations are completed. 
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(c) It replaces differentiation by multiplication by —ix. This 
property is practically the same as the preceding, except that the 
differentiation is applied to the original function and the multiplica- 
tion is applied to the transform. Symbolically 


(3.1) Siig te FX) ; 
dx 


or written out 


(3.2) -i«| cosa | ee | <r) | ds. 


To see this formal relationship, integrate the right hand member 
by parts. We have 


(3.3) / ewspisyds =| (eis) | -| ixe'**f(s)ds. 


—CO 8=—-0O 


Now if f(s)—-0 as s— +o, the expression in brackets drops out, and 
the integral which remains equals the left member of (3.2). The 
condition that f(s)—-0 as s—+.o will usually hold for the functions 
with which we deal; and we will regard (3.1) as a formal identity for 
practical manipulative purposes. 


4. A second order differential equation. Before going any further 
with our study of the properties of Fourier transforms, we shall see 
how the second example mentioned in the introduction can be partially 
solved by the use of properties (a), (b), (c) alone. Let us suppose that 
the solution Y(x) of the differential equation 

dy 4dY 
xY=0 
dx? ba dx ” 
is the Fourier transform of a function y(x); and let us see what differ- 
ential equation y(x) must satisfy. Then since y(x)==Y(x), we have 


by (b): 





; d 
1x 1) Y(x), 


' d? 
and ( ix) "(x)= Y(x). 
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Also by (c) a y(x)=3—1x Y(x), 
1 d 
or = - y(x)=3xY(x); 


so that we obtain finally by using (a), 


@Y 4dY 
y(x)=—— + — +4. 
x dx 








—x*y(x)+1x y(x) +1 
dx 


But the transform of zero is zero, so we expect y(x) to satisfy the 
equation 


Os 
dx — 





—x*y+ixy+i 


dy ’ 
eee en See 1 
or di (1x?-+x)y 
Moreover this equation is of the first order and the variables are 


separable, so we may write 


[#--/ (1x?+x)dx 
y 


s 
and log y= —-1 ate Hes c 
and (x) = cen 12/8) - (2712), 


Thus we have solved the transformed equation and found y(x); and 
since y(x)=3 Y(x), we have 


Gj 0a ettee s8°18)— (812s, 
V2r J. 


We can express this answer in terms of real quantities by using 
the fact that exp(iu) =cos u+7 sin u, and we obtain on putting 


A=cy2/m , 


Y(x) -+/ et(sz—(8"/3)) 9— (87/3) dg 
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| cos (sx — (s*/3) )e~“*"/)ds 


s | sin (sx — (s3/3) )e~“""/ds 


—0O 





+t 


(4.1) -af cos (sx — (s*/3) )e~"*"/?)ds. 


In the last step, the sine integral vanishes since its positive and nega- 
tive parts cancel; and the cosine integral from —o to +o is twice 
its value from 0 to + since the cosine is an even function. 

The reader will note that we have obtained only one part of the 
solution (1.3) and may wonder why. The answer is that the second 
part is not the Fourier transform of any function; so when we assumed 
that Y(x) was the transform of y(x), we ruled out the second part. 
The missing part can be obtained by modifying our definition of a 
Fourier transform and will be discussed later in section 12. If the 
coefficient of dY/dx in (1.2) had been negative (say —1) instead of 
positive, we would have formally obtained 


Y(x) = af cos (sx — (s?/3) )e*/2ds; 
0 


but the exponential now becomes infinite as s— + @ and the integral 
diverges. Thus in this case we would get neither part of the solution 
by the present unmodified method. However, the modification of the 
method given in section 12 would give both solutions in this case. 

It still remains to verify that (4.1) is actually a solution of (1.2), 
for we have just seen that the solution need not be a Fourier trans- 
form at all. We obtained the answer by purely formal manipulation 
of the properties (a), (b), (c); and we have already noted that these 
properties depend on certain extra conditions which are not necessarily 
satisfied in every case. Thus we must verify first that the integral 
(4.1) converges and second that it satisfies the equation (1.2). We 
therefore note that the factor exp(—s?/2) goes to”zero so rapidly as 
s—o that the integral converges and permits all necessary manipula- 
tions; and by direct substitution in (1.2) we find that it satisfies the 


equation. 
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5. A non-homogeneous differential equation. If we analyze the 
methods used in partially solving (1.2), we find that the steps are 
these: 

(1) We let y(x)=3Y(x) and see what equation y(x) must satisfy 
when Y(x) satisfies a given equation. We call this equation for y(x) 
the transformed equation. 

(2) We solve the transformed equation for y(x). 

(3) We calculate Y(x) by taking the transform of y(x). 


Any one of these steps may be impossible to carry out; but consider 
the second particularly. If the transformed equation is no simpler 
than the original equation, the method is useless. Now since (ix) 
factors go into derivatives and vice versa, the order of the new equation 
must equal the highest degree of the coefficients of the original equation 
and vice versa; so the method improves the situation only when the 
given differential equation has polynomial coefficients of lower degree 
than the order of the equation. But first order linear differential 
equations are the only ones we can formally solve for coefficients which 
are general functions of x, and it thus appears that our method is likely 
to be useful only when the coefficients of the given equation are linear 
functions of x. However, such equations 
d"Y rT 


dx” Hore + Pilot + (a@,+6,x)y=0 





(5.1) (@o+ox) 


form an important class; and our method does formally apply to this 
type of equation. 

We might next enquire whether we could solve (5.1) if the right 
hand side were a function of x instead of zero. For instance, apply 
the method to 

OY ogy axte-¥" 
dx’ 


Letting y(x)=3Y(x), we have 


3 


Y (x) 





bed d 
(Gx) WA 


y(x)=3x Y(x) and 





‘ 


dx 








Da 
y(x)> sa 


= a —3x Y(x). 


(5.2) —ix*y(x) —37 
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But the right hand side equals x* exp(—43x?), so we must find what 
function has this as its transform in order to know what the left side 
equals. Thus we see that it is necessary in working with Fourier 
transforms to be able to work backwards and forwards. We must 
not only know how to get the transform of a function, but also how 
to find the function corresponding to a given transform. 

In the present case, this causes no difficulty, for we know that 





e~t"=ge-t”, 
so that a 
a e~** =3(—1x)8e-** ; or 
(5.3) 13(—x8+3x)e—#" =p x8e-1”"” 


Since the right members of (5.2) and (5.3) are equal, we shall 
assume that the left members are also equal (the validity of such an 
assumption will be discussed later). Thus we have 





(5.4) —ix%y(x) —37 y(x) =1(x* —3x)e-*", or 


dx 


(5.5) —T— y(2) += yx) = Yat 3x)e™, 


Being a first order linear differential equation, this has the integrating 
factor 


3 4 
e S (2*/3)d2 — gt (12. 


and multiplying (5.5) by this, we have 


ens 4 dy \ = —3(x3 —3x)e(t*/12)- (24/2), 


4 d 4 2 
ye* FOG ee coe (2°/12) —(2°/2) ; 
dx le 








or 
dx 


Integrating, we have 
7 4 afar 
yet 12 = — g(2°/12)—(2"/2) 4 ¢ - 


or y(x) = —e7 4 + ce~ (24/12), 


Finally, since y(x)=3 Y(x), we obtain 


Y(x) = —e"'+ Te | ettte— (8/12) ds, 


Tv 





—C 


eee 
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The complex integral can be reduced to real form as in the preceding 
problem; and other parts of the solution involving other arbitrary 
constants can be found by the method of section 12. 


6. Fourier’s theorem. We have seen in the last problem that it is 
likely to be necessary not only to calculate Fourier transforms, but 
also their inverses. We need to know how to find the original function 
when its Fourier transform is given. Fortunately, this problem has a 
very simple formal solution; though the underlying theory is far from 
simple. This leads us to our fourth property of the Fourier trans- 
formation: 

(d) When repeated, it reproduces the original function with the 
sign of the independent variable changed. Stated symbolically, this 
says that if 


f(x) F(x), 
then F(x)=3f(—x); 
or f(x) SF (x)= (—x). 


Written out, this says that if 


a | oo = F(x), 
then (formally) 


(6.1) Se | cores “5. 


Combining the two integrals and replacing x by s and s by ¢ in the first, 
the statement is that 


5 | en t8z | ea ds = f(x) 
: se 2 4 
r Qe ff 


This can be (and originally was) stated in terms of real numbers. 
Thus, if we put exp(iu) =cos w+ sin u, we find that sine cancels out 
by symmetry while the cosine doubles up, and we have 


| J ets0-nsaue- =r, 








2) (t)dtds =f(x). 
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This is Fourier’s theorem, which holds for a wide class of functions, 
though not by any means for all functions. We shall not however try 
to prove it in this form; but shall go back to Fourier transforms and 
our symbolic notation. 
If we wish to indicate that f(x)=3F(x) and F(x)=35(x), we will 
write 
F(x) =F (x) 35 (x). 


However, if we are not interested in F(x) and merely wish to indicate 
that 5(x) is the double transform of f(x), we shall omit the F(x) and 
merely write 


f(x) 335 (x). 
Thus property (d) says that 
F(x) 3f(-%); 


and we shall begin by verifying this for some simple functions. 
We have already found that 


e~17'=te-3”" ; 
and of course if we apply the transformation again, we still get the 
same function; so 

“nar. 
But exp(—4x*)=exp[ —3(—x)?], so exp(—4x*) has the specified 


property (d). Let us also verify that x” exp(— 3x?) has this property 
when v is a positive integer. Applying (b) m times, we have 


n 





(tx)"e3" => : (e-3*") , 


a 


and applying (c) m times, we obtain 





d” , , : 
e-'*)=3(—1x)"e"** . 
re )=3(-1x) 
Thus (ix) "e-*” =p=3( — ix) "e717"; 
or x"e—§" =p ( — x) "eH 


and x"exp(—3x?*) has property (d) when » is a positive integer. But 
since the Fourier transformation is linear, sums of functions of this 
type must also have the property (d) and it follows that if P(x) is any 
polynomial, the product 


(6.2) P(x)e7*” = (aox"+a,x"-1+---+a,)e7*” 


> 
/ 


" ae - 





5 
/ 


” ee - 
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has the same property. By approximating other functions by func- 
tions of the form (6.2), it is possible to show that a large class of these 
other functions have property (d). In his proof of Plancherel’s theorem, 
Wiener applies limiting processes to sequences of functions of the 
form (6.2) and thus shows that (d) holds for the important and ex- 
tensive class of functions known as the class L». A function f(x) is said 
to belong to the class L, if f(x) is Lebesgue integrable between every 
pair of finite limits a@ and 6 and [f(x)]* is absolutely integrable 
from —© to +o. Of course this includes all functions f(x) which 
are Riemann integrable on all finite intervals and for which 


/ [f(x) ]*dx 


converges absolutely. In particular, it includes all continuous func- 
tions f(x) which approach zero at + as fast or faster than 1/x does. 
Thus the functions 

1 ‘ sin x 
6.3 ————_ 9 e~*, ai. ’ 
belong to L. and so have property (d). Another class of functions 
having the property (d) is the class L; which consists of functions that 
are absolutely integrable from —o to +o in the Lebesgue sense. 
Such functions may have more violent discontinuities than those of 
L., but they have to approach zero at + © somewhat faster. Thus, 


etc. 


1 , sin x 
(6.4) ayetT ©’ +l 
belong to L, and so have the property (d). However, functions of L, 
and L, do not have identical properties with regard to their Fourier 
transforms, particularly in regard to the way the definition (2.1) is 
to be interpreted. Moreover the transform of a function of Lz is 
again a function of ZL», while the transforms of functions of L; need 
not belong to either class. The first function of (6.3) does not belong 
to L, because it goes to zero too slowly at + «; while the first function 
of (6.4) does not belong to L» because its discontinuity at zero is too 
violent; (it approaches too fast). 

Returning again to formal considerations, we find that the proper- 
ty (d) is very useful because it enables us to calculate many new 
definite integrals. For instance, if we denote the transform of* 
exp(— |x|) by F(x), we have 





» etc. 


*The symbol |x| means the absolute value (numerical value) of x, and thus |x| =x 
when x is positive, and |x| =—x when x is negative. It is never negative, and 
|x| =|—x! for all values of x. 
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foe) 0 
\2nF (x) = eee az e**e-*ds | e**e*ds | 
0 —co 
rs 0 
atta e*(tx-+1) 
x—1 x+1 


—2 2 


= sr (ax—1)(tx+1) x?4+1 











ae 2 1 


e~/tiz new 


ra x41 





Now applying rule (d), we reverse the order and have 


2 
(6.5) fe ae ; 
: | 


and this when written out gives us the new integration formula 


roe) d 
" Seeded z ps =me/t! , | 

t tag 
—co ; i 


The correctness of this formula may be checked by means of a table of 
definite integrals. 


7. List of the formal properties of Fourier transforms. To facili- 
tate further formal calculations, it seems worth while to collect the | 
various properties of Fourier transforms into one list; and we include 
in this list both the formulas already obtained and those which will be ; 


obtained later: 
If c ts a real or complex constant, + a real constant, and 
S(x)=3F (x) and g(x)=3G(x), 
then it follows that \ 
(a) F(x) +8 (x) =F (x) + G(x) : 
c f(x)=3c F(x) 





(b) ix x)= F(x) 











a RIT 
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d 
(c) i f (x)= —1x F(x) 
(d) F(x)=f(—x) 
(e) If F(x)=G(x), then f(x) =g(x) 
(f) e''*f (x) =F (x+7) 
(g) f(x+7)=e-"*F (x) 
(h) 7c | _Soe—wetandussF G0 
(i) f(x)g(x)>- 7 [ nelle: 


8. Uniqueness. From property (d) there follows immediately 
another important property of the Fourier transformation, namely: 


(e) Jt 1s a one-to-one transformation. This means that to each 
one single function f(x) there corresponds only one transform F(x); 
and conversely that each one transform F(x) is the transform of only 
one function f(x). A function cannot have two transforms (as we see 
from the definition, which is not multiple valued); and a single transform 
cannot belong to two distinct functions. The latter fact is deeper, 
and says that if F(x) =G(x), then f(x) =g(x); or in terms of integrals, if 


[ e-s0-| e'**g(s)ds_ for all real x, 


then f(x) =g(x) for all* real x. 


This theorem holds for all classes of functions for which the property 
(d) holds, as the following argument shows. For if f(x)=3F (x) and 
g(x)=3G(x) then F(x)=3f(—x) and G(x)=3g(—x); so if F(x) =G(x), then 
f(—x) =g(—x), and f(x) and g(x) are identical. 

This uniqueness property has actually been used before we formally 
stated it. Thus, in section 5 we drew the conclusion (5.4) by noting 
that the right numbers of (5.2) and (5.3) are equal and assuming 

*Actually the conclusion is true for all x except a set of Lebesgue measure zero. 
Thus, if f(x) and g(4) were equal with the exception of one single value of x where they 
differed, the integrals would still be equal for all x. But sets of Lebesgue measure 


zero are negligible for all of the calculations in which we are interested, and we there- 
fore consider f(x) and g(x) as being equivalent. 
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that that implied that the left members were equal. This amounts to 
assuming that (e) holds. 


9. Translation properties and difference equations. Another type 
of equation that Fourier transforms help to solve is the type known as 
difference equations, in which different values of the independent 


variable occur in the same function. Thus, 
F(x) + f(x +1) +f(% +2) =e? 


is called a difference equation; while (1.5) is called a difference-differ- 
ential equation because the derivatives of f(x) occurs as well as f(x) 
and f(x+1). The reason Fourier Transforms can be applied in certain 
difference equations is that the Fourier transformation has the follow- 


ing translation properties: 

(f) It replaces a multiplication by exp(irx) by a translation of 7 
units to the left, and 

(g) Similarly, it replaces a translation of + units to the left by 


multiplication by exp(—irx). 
If we write these statements out symbolically they read 
e'"*f (x) =F (x +7) 
f(x+7)=e-"*F (x), 


and in terms of integrals they read 


1 ae 1 7 
—_ e'(zt+r)F(s)\ds =——— e'*7| e'*f(s) | ds 
V 2m [ V 2m [- | | 


— ie 1 x 
and e~ #77___. e'**f(s$)ds = ————_ e'**f(s+r7)ds. 
On / . \ On / mi : 


Written in this form, the truth of the first statement is self-evident 
and the second is seen to be correct as soon as we put the factor 
exp(—i7rx) under the integral sign in the first member and replace 
s by s’—7 in the second member. The statement (g) may also be 
obtained from (f) by the use of (d). 


Now to solve (1.5), let f(x)=3F (x), and transform the equation 


d 1 
FIO HE) GHD = a5 
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by applying the formulas listed in section 7. Thus we have 
d ; 
——f (x)= —1x F(x) 
dx 
J (x#+1)=e~ *F (x) 


: $(x) +4 (x) +f (x+1)=8 —ixF (x) +F (x) +e- F(x). 


1 T 
ood ——_ g~/s/ : 
But by (6.5), Yai [> @ 


so the transformed equation is 


(—ix+1+e-**)F(x) = re "ital 


Solving for F(x), we find 


—/z/ 
a ie € ‘ 
(2) 4] 2 (—ix+1+e-#) ’ 


e-/s! 
ome =i isz ° 
f( x) if e (—is+1+e-") ds; 


i “ e~ *te-sds5 ° e~ **2e8ds5 
F(x) if Serer sae af pea 


We next substitute —s for s in the second integral and write the com- 
plex exponentials in terms of trigonometric functions: 


re COS Sx —1 sin sx)e~‘*ds 
f(x)=} / { 
0 





and 








and since by (d) 


it follows that 





so 





tole 








1+cos s—7 sin s—is 


oO 
, (cos sx +7 sin sx)e~*ds 
+3 
0 





1+cos s+7 sin s+is 


Finally, we put the two fractions together under one integral sign, 
adding the fractions in the usual way by first reducing to common 
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denominator. All the imaginary terms now drop out, and we obtain 
the final answer 


f(x) -f [ cos sx +cos(sx —s)+s sin sx] ae 





2+2 cos s+2s sin s+s? 


Of course we need to check this answer; for we have obtained it by 
purely formal manipulations based on very shaky logical foundations; 
and we have not attempted to justify each step by seeing that the 
functions are of the type to which the formulas apply. However, 
questionable methods of arriving at an answer do not invalidate the 
correctness of an answer if it actually satisfies the required equation; 
and it is easy to verify that the integral we have just obtained does 
converge and does satisfy the required equation. We of course do not 
claim that this is the only solution. 


10. Certain integral equations. The integral equations that 
Fourier transforms help us to solve are those in which the unknown 
function occurs in what is called a convolution or faltung or resultant. 
The convolution A(x) of two functions f(x) and g(x) may* be defined 
to be 


h(x) = ae / Sees 


so that a convolution is a doubly infinite integral of the product of the 
two functions, the variables x —s and s being substituted in the func- 
tions in place of x. Of course any other letter would do in place of s, 
and it does not matter in which function we substitute the s. For if 
x—s=l, we have 


| f(x —s)g(s)ds = / F()g(x—t)dt ; 


since the change of sign in the differential nullifies the change of sign 
due to the necessary interchange of limits after substitution. 

Integral equations involving convolutions frequently arise in 
physics and other branches of applied mathematics, and it is therefore 
important to know how to solve them. The reason that we can solve 


*The constant 1/y(2z) is —_ included in the definition for convenience. The 
term convolution does not necessarily include this constant. 





a eee 


—-— ——_, 











ge 


_-——, -— 
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them is that the Fourier transformation changes convolutions into 
ordinary products. The transformation has properties (h) and (i): 

(h) It replaces convolutions by products. 


(i) It replaces products by convolutions. Written symbolically, 
these statements are 





7 / Sle wetu du 68) 


and f(x)g(x)3 a / F(x—u)G(u)du ; 





Tv 


and written out in detail, they are 


| eo | few ds 
i| [, ‘ 
- | ea | . | e*9(u)du | 
and - " etf(s)els)ds 
V2r J _, 


- a ral {/ cont . | wnat |b 


The first of these statements has a simple formal proof based on inter- 
changing order of integration and replacing s—u by f: 


fe [se-maeoante- | erse—soeoona 
-| | e'*(s—WF (5 — 4 )e'**g(u)dsdu. 
-| / e'**f(t)e'*“g(u)didu 
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- / wa] | eso du | 
| / cosa | / cnean | | 


The second statement may be obtained by combining the first state- 
ment with (d). 
It is now possible to solve the first problem mentioned in the 





introduction: | 
[ s0-or0a 20 = (x) ; 

for we let ‘acadees and g(x)=3G(x), 

and have T= [se-mowts - F(x) | 





so that | f(x—Of(t)dt + 2f (x)= V2a[ F(x) ]2+2F (x) 


and V2r| F(x) ]?+2F (x) = G(x). 


But this transformed equation is an ordinary quadratic equation in 
F(x), and we can solve it by the quadratic formula, obtaining 





—2+ V 444,27 G(x) 
— 22m 





ee (—1+14+\3F GG)) 


V 20 | 
= 1 —]+ /1+ ae . 
V 2x : | 


Transforming back by the inverse Fourier transformation (6.1), 
we have 


j= | col aan fief cnt a 
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Though this is formally two solutions, the formal statement is very 
deceptive in this regard. It may, as a matter of fact, represent in- 
finitely many different solutions, because we may choose the signs one 
way for some values of ¢ and the other way for other values of ¢. How- 
ever, there is one important case in which there cannot be more than 
one solution. This is the case in which g(x) is of class L; and its Fourier 
transform is nowhere equal to —1/ \(2r) and we are seeking for solu- 
tions f(x) of class L;. In this case it can be shown that there is not 
more than one solution of class L;. Moreover there is a simple rule for 
determining whether there is one or no solution. This consists of 
tracing out the values taken on by the Fourier transform of g(x) as x 
varies continuously from —o to +o. These values will trace a 
continuous curve in the complex plane, beginning and ending at zero. 
If this curve winds an even number of times around the point 
—1/\(2r), there will be a solution of class L,; but if it winds an odd 


number of times around — 1/1/(2z), there will be no solution of class L;. 
The reason is roughly that the square root must assume the value +1 
at both — and +o if the outside integral is to converge; and this 
can only happen if the expression under the radical winds an even 
number of times around the origin. In particular, if 


bake 4x?+10 
 (x$+5x2+4) 





g(x) 


we obtain fix) = —_____— 
as the unique solution of class L, 


11. A linear integral equation. While dealing with integral 
equations it seems worth while to take up the more ordinary case of the 
linear integral equation. We shall take such a case for our last illus- 
trative example. Let us therefore consider the equation given in 
(1.4), namely 


co 


p(x)+ | p(x—de~‘dt= 


0 


1 
x?+1 





The integral in this equation does not appear to be a convolution 
because it is only taken from 0 to +o instead of from —@ to +o. 
However, we can replace the lower limit by — © if we replace exp(—/) 
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by a function g(t) which equals exp(—/) whenever ¢ is positive but | 
equals zero when / is negative. For then we have | 


/ p(x —1)g(t)dt -| ve-oetoa + f p(x —t)g(t)dt 
-| venous | p(x—t)e-‘dt -{ p(x—t)e-‘dt ; 


and the equation becomes 


° 1 
al p(x—t)g(t)dt = = ae 


—C 


Now if p(x)=3(x) and g(x)=G(x), it follows that 


al p(x —t)g(t)dt=$b(x) + \2nb(x)G(x) ; 


—©O 


. 1 T 
cen ee Vac les 
and since 24] =| - 


we obtain the transformed equation 


$(x)[1+2rG(x) | = FE e~/zl , 


But G(x)= a e'**9(s)ds ) 
y 2r ie 
1 a gi 

= —— / e'*?.o-ds + a e'*te-4ds 

V ar _— V 2r 
= 1 es('z-Dds — = - ] : 

V 2r . V Qn 1—ix } 

1 , | 
and hence (x) | 14-——— f= |— e-/#! 
1—ix 2 
2: 2—1%x ° 
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Transforming back, we have 


; (1 —1s) 
1 —isz —/sld. . 
p(x) if é ~(2—is) is) é es 


and after the usual simplification, we obtain the answer given in the 
introduction. Substitution shows that this is correct. 


12. Integrals allied to the Fourier transform. Let us consider a 
function f(x) defined on the interval from 0 to +; and from this 
function let us construct four functions, all of which are defined on the 
whole interval from — © to +o, as follows: 


f(x) ( f(x) when x is positive 
c\X) = 4 : 

| F (—x) “« «& negative 

f(x) —1 f(x) « « « positive 
s x = . . 

t f(—x) “« “© negative 

_ | y 2x F(x) « « © positive 

a | 0 “« « « negative 


fim(x) = 2 f(e*) for all real x. 


Then if F,(x), F.(x), F(x), Fm(x) are the Fourier transforms of f.(x), 
f(x), £-(x), fm(x), we obtain by formal substitution in the definition 
(2.1) and formal simplification the integrals 


raay= [2 f(s)cos sx ds 
a: 
F (x)= 2/ f(s)sin sx ds 


co 


F (1x) = 


F,,(ix) = | f(t dt . 
0 


f(s)e~**ds 


es, 
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These four important integrals are known as the Fourier cosine trans- 
form, the Fourier sine transform, the Laplace transform, and the 
Mellin transform respectively of f(x). They have properties somewhat 
similar to those of the Fourier transforms, yet differing from them in 
many important points. For a discussion of these properties, the 
reader should consult Titchmarsh’s /ntroduction to the Theory of Fourier 
Integrals. 

A different type of modification of the Fourier transform is ob- 
tained when we deal with functions of a complex variable and use 
some path of integration other than the real axis. Thus the modified 


Fourier transform is 


(12.1) ra)-— | e'**f(s)ds 
Vor J. 


where the contour C is chosen so that as many as possible of the formal 
properties of Fourier transforms still hold. In particular, C should 
either be a closed curve or a curve which goes to infinity in some di- 
rection at both ends. This is necessary to preserve property (c); for 
if there are finite end points, the values at these end points will have 
to be substituted in the UV term of the integration by parts, and an 
extra term will crop up and spoil property (c). If the contour is in- 
finite, it must of course be chosen so that f(s) approaches zero as we 
approach infinity. 

The contour integral (12.1) satisfies properties (a), (b), and (c); 
and since these were the only properties used in section 4 in solving 
(1.2), this integral could have been used there instead of the integral 
going from —o to +o. But the only place in which the integral 
itself was used was in the last step, where we obtain Y(x) from y(x). 
Thus the only difference that the use of (12.1) could make would be 
that the final integral would be taken over C instead from — © to 
+o. But such an answer would have just as much formal justifica- 
tion as the one we actually obtained, and this leads us to wonder 
whether every contour would produce the same answer or would at 
least produce a solution to the problem. As a matter of fact, every 
contour along which the integral converges properly does give us a 
solution to the equation; but not necessarily the same solution; and 
this enables us to complete the solution of the problem. You remember 
that we obtained only part of the general solution and mentioned that 
a method would later be given by which we could obtain the rest. 
That method is merely to obtain different parts of the solution by 
varying the contour used, and then to add these parts together to form 











ce 
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the general solution. Since the equation with which we are dealing 
is linear and has its right hand member zero, the sum of two solutions 
is again a solution, and this process is valid. 


In the present case, our solution is to be a multiple of 


| eromevma 
Cc 


where C is to be chosen so as to approach infinity in some other way 
than positively and negatively along the real axis. We wish the inte- 
grand to approach zero, and this means that the real part of the ex- 


ponent 
i (sx — (s*/3) ) — (s?/2) 


must approach —o. Now for numerically large s, the numerically 
largest term is —7s*/3; and this will be real if s is pure imaginary. 
If s=it, then —7s*/3 = —#°/3, and it approaches — © as s approaches 
infinity. Thus we can let one end of C go out along the upper part 
of the imaginary axis; and of course the other end can go out in either 
of the directions used before. Let us therefore take C as a contour 
starting at 7@ and coming down the imaginary axis to zero, and then 
turning right and going out along the real axis to +. Using this 
contour, we have 


et(sz—(8"/3)) g— (37/2 dg 


—Bi 


a 


0 co 


et(itzt (iP 3) et large — Bi et(sz—(8"/3)) 9— (87/2) gg 


=-—Bi 


Nae’ 


foe) 0 


fe°) 


e7 (F138) + (8/2) —tzqy 


~, 


—Bif  [cos(sx—(s*/3)) +7 sin (sx —(s*/3) ) Je-“"/ds. 


0 


We may as well drop the cosine term of this solution, as it is just like 
the part already obtained and is therefore itself a solution and may 
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be included with the first part by a change of the constant A. We 
therefore have as the second part of our solution 


ioe) 
B [ e~“"/Dgin(sx — (s*/3) ) — em (8/8)+ (89/2) ~ 82] ds; 
0 


and the problem is completely solved. The convergence of this second 
integral and the fact that it is a solution of the differential equation 
can be directly verified; and it can also be shown that neither part of 
the solution is identically zero or a constant multiple of the other part. 


13. Conclusion and warning. One frequently hears the statement 
that a little knowledge of medicine is a dangerous thing. A similar 
statement might well be made in regard to certain branches of mathe- 
matics; particularly Fourier transforms. A mere formal knowledge 
of Fourier transforms will lead the manipulator to all sort of false 
conclusions. The situation here is much worse than in elementary 
calculus where lack of mathematical rigor and optimistically formal 
use of limit theorems may lead to false conclusions, but usually do not. 
Here purely formal work is sure to lead one into difficulties, and rather 
soon at that. You see, in this work there is really nothing that can be 
called “‘formally correct’’, because the formal rules are not even self 
consistent unless we put strong restrictions on the functions; and when 
we begin to state these restrictions there is no half way about it. We 
have to go all the way and do exact, rigorous mathematics. 

As we stated in the introduction, our purpose here is merely to 
give the reader a general idea of the way a Fourier transform ordi- 
narily behaves when suitably restricted. We hope that the reader 
may become interested in Fourier transforms as he sees the sort of 
thing that can be done with them, and that he may be willing to take 
time to learn the details of their exact behavior after he has had this 
little non-technical glance at the way they act when the machinery 
is well oiled with sufficiently powerful hypotheses. If the reader 
would like to gain a real understanding of the subject, he should study 
one of the standard works such as Titchmarsh’s Theory of Fourier 
Integrals, Carslaw’s Fourier Series and Integrals, Bochner’s Vorlesungen 
tiber Fouriersche Integrale, Wiener’s The Fourier Integral, and Paley 
and Wiener’s Fourier Transforms in the Complex Domain. 
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of Fluids and Solids Relative to the Earth’s Surface, by Prof. W. 
Ferrel, p. 140; Problem, by J. Foster Flagg, p. 148; Mathematical 
Monthly Notices, p. 149; Editorial Items, p. 150. 

No. V, February, 1859. Prize Problems for Students, p. 153; 
Reports of the Judges upon the Solutions of the Prize Problems in 
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No. I, Vol. I, p. 154; Note on the Proposition of Pythagoras, by 
Rev. A. D. Wheeler, p. 159; Note on the Interpretation of Algebraic 
Results, by Prof. W. H. Parker, p. 160; Theory of the Inclined Plane, 
for Elementary Instruction, by Thomas Sherwin, p. 163; Note on Two 
New Symbols, by Prof. Peirce, p. 167;* The Notation of Angles, by 
James Mills Peirce, p. 168; Mathematical Principles of Dialing, by 
George Eastwood, p. 171; Note to the Editor, by G. W. Hill, p. 174; 
On the Horizontal Thrust of Embankments, by Capt. D. P. Woodbury, 
p. 175; Problem in Projectiles, p. 177; Editorial Remarks on Prof. 
Parker’s Note on the Interpretation of Algebriac Results, p. 178; 
Theorem on Rectangular Coordinates, by W. P. G. Bartlett, p. 180; 
Mathematical Monthly Notices, p. 181; Editorial Items, p. 190; 
Obituary of Prof. William Cranch Bond, p. 192. 


No. VI, March, 1859. Prize Problems for Students, p. 193; 
Mathematical Holocryptic Cyphers, by Pliny Earle Chase, p. 194; 
Moment of Inertia, by Prof. Gerardus B. Docharty, p. 196; The 
Theorem of Papus, by J. B. Hencke, p. 200; On the Coursing Joint-Curve 
of an Oblique Arch in the French System, by Prof. Devolson Wood, 
p. 208; The Motions of Fluids and Solids Relative to the Earth’s 
Surface, by Prof. W. Ferrel, p. 210; On Practical Geometrical Methods 
of Loci, by Prof. D. H. Mahan, p. 217; Mathematical Monthly Notices, 
p. 220; Editorial Items, p. 224. 


No. VII, April, 1859. Prize Problems for Students, p. 225; 
Report of the Judges upon the Solutions of the Prize Problems in 
No. III, Vol. I, p. 226; Propositions Relating to the Right-Angled 


*Professor Peirce’s note reads as follows: The symbols which are now used to 
denote the Naperian base and ratio of the circumference of a circle to its diameter 
are, for many reasons, inconvenient; and the close relation between these two quan- 
tities ought to be indicated in their notation. I would propose the following charac- 
ters, which I have used with success in my lectures: Here Professor Peirce produces 
his two symbols, the first to denote the ratio of the circumference to the diameter, 
and the other to denote the Naperian base. He says further, It will be seen that the / 
ey symbol is a modification of the letter c (circumference)—and the latter of b(6) (oO, 

ase). 

The connection of these quantities is shown by the equation be =(—1)-—V¥=I, 
using the English symbols suggested in this sentence. In modern notation, this 
equation would be written oe 

e* =(—1)-V-1. 





As Professor Peirce’s symbols may be easily made, the writer will give a method 
of constructing them approximately after which the reader can construct them and 
substitute them in the last equation. 

For symbols to be used with type the size used in this Magazine, invert a Capital U, 
begin at the midpoint between the extremities of the two parallel sides of the inverted 
“U” and draw a straight line parallel and equal to them; for x, connect the lower 
extremity of the middle line with the lower end of the right side of the inverted U 
with a concave semi-circle. To make the symbol for ‘“‘e’’, the base of the Naperian 
system of logarithms, proceed as before, except, connect the lower extremity of the 
middle line to the extremity of the left parallel side of the inverted ‘‘U” with a con- 
cave semi-circle. 
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Triangle, by Prof. David W. Hoyt, p. 230; Propositions Relating to a 
Particular Cone, by Prof. Daniel Kirkwood, p. 232; Note on Theory of 
Probabilities, by Simon Newcomb, p. 233; Problems in Probabilities, 
p. 235; Demonstrations of the Propositions Relating to the Cone and 
Sphere, by Prof. E. S. Snell, p. 236; To Describe a Circle Tangent to 
three given circles, by H. A. Newton, p. 239; The most thorough Uni- 
form Distribution of Points about an Axis, by Chauncey Wright, p. 244; 
Problems in ‘Curves of Pursuit,’’ p. 249; A Second Book in Geometry, 
by Rev. Thomas Hill, p. 252; Editorial Items, p. 256. 

No. VIII, May, 1859. Prize Problems for Students, p. 257; Re- 
port of the Judges upon the Solutions of the Prize Problems in No. 
IV, Vol. I, p. 258; The Conic Section Compasses, by J. P. Frizell, 
p. 262; On Contact, Centres of Similitude, and Radical Axes, by 
Mathew Collins, p. 268; Note on the Coursing Joint Curve of an 
Oblique Arch in the French System, by Prof. Devolson Wood, p. 279; 
Equation of the Coursing Joint Curve, by Prof. William G. Peck, 
p. 281; Remarks upon Cayley’s (supposed) new Theorem in Spherical 
Trigonometry, by Prof. W. Chauvenet, p. 282; A Second Book Geome- 
try, by Rev. Thomas Hill, p. 283; Mathematical Monthly Notices, 
p. 286; Editorial Items, p. 288. 

No. IX, June, 1859. Prize Problems for Students, p. 289; Report 
of the Judges upon the Solutions of the Prize Problems in No. V, Vol. I, 
p. 290; Construction of a Problem, by J. E. Hilgard, p. 295; Question, 
by Mathew Collins, p. 295; Propositions Relating to the Right-Angled 
Triangle, by Prof. M. L. Comstock, p. 296; Note on the Cycloid, by 
Prof. Lewis R. Gibbes, p. 297; The Motions of Fluids and Solids, 
Relative to the Earth’s Surface, by Prof. W. Ferrel, p. 300; Researches 
in the Mathematical Theory of Music, by Truman Henry Safford, 
p. 308; Mathematical Monthly Notices, p. 313; Editorial Items, p. 320. 

No. X, July, 1859. Prize Problems for Students, p. 321; Report 
of the Judges upon the Solutions of the Prize Problems in No. VI, 
Vol. I, p. 322; Note on Derivatives, p. 326; Notes on the Theory of 
Probabilities, by Simon Newcomb, p. 331; Note on Maxima and 
Minima, by Prof. Lewis R. Gibbes, p. 335; Arcs of Great and Small 
Circles, by Prof. George P. Bond, p. 342; On Mr. Collins’ Property of 
Circulates, by James Edward Oliver, p. 345; Solutions of Problems in 
Probabilities, by Simon Newcomb, p. 349; Mathematical Monthly 
Notices, p. 350; Editorial Items, p. 352. 

No. XI, August, 1859. Prize Problems for Students, p. 353; 
Report of the Judges upon the Solutions of the Prize Problems in No. 
VII, Vol. I, p. 354; Notes and Queries, p. 361; Another Solution of 
Prize Problem II, No. IV, by George Eastwood, p. 364; The Motions of 
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Fluids and Solids Relative to the Earth’s Surface, by Prof. W. Ferrel, 
p. 366; On the Solution of Equations, by John Borden, p. 373; Editorial 
Items, p. 383. 

No. XII, September, 1859. Report of the Judges upon the Solu- 
tions of the Prize Problems, in No. VIII, Vol. I, p. 385; Solution of 
Prize Problem V, No. VII, by J. B. Hencke, p. 390; Notes and Queries, 
p. 392; Note on Differentiation, by Simon Newcomb, p. 396; The 
Motions of Fluids and Solids Relative to the Earth’s Surface, by 
Prof. W. Ferrel, p. 397; Method of Solving Numerical Equations, 
by Prof. Dascom Greene, p. 406; A Second Book in Geometry, by 
Rev. Thomas Hill, p. 409; Editorial Items, p. 411. 


Contents of Vol. II 


No. I, October, 1859. Prize Problems for Students, p. 1; Report 
of the Judges upon the Solutions of the Prize Problems in No. IX, 
Vol. I, p. 2; Mechanical Construction of the Area of a Circle, by 
Chauncey Smith, p. 9; On the Prime Seventh, as an Essential Ele- 
ment in the Musical System, by Henery Ward Poole, p. 10; Notes 
and Queries, p. 17; Least Common Multiple, p. 17; Solution of a Prob- 
lem, by Saxe Gotha Laws, p. 18; Note on Maxima and Minima, p. 19; 
On the Indeterminate Analysis, by Rev. A. D. Wheeler, p. 21; On the 
Compressibility of Liquids, by Pliny Earle Chase, p. 25; The Elements 
of Quaternions, by W. P. G. Bartlett, p. 29; Report of the Judges 
on Prize Essays, p. 31; Editorial Items, p. 32. 

No. II, November, 1859. Prize Problems for Students, p. 33; 
Report of the Judges upon the Solutions of the Prize Problems in No. 
X, Vol. I, p. 34; Solution of Problems in Maxima and Minima in 
Algebra, by Ramchundra, Delhi College, p. 41; Note on the Forty- 
seventh Proposition of Euclid, by J. M. Richardson, p. 45; Note 
“On the Horizontal Thrust of Embankments’’, by Prof. F. W. Bard- 
well, p. 52; Note on Double Position, by Rev. Thomas Hill, p. 53; 
On the Indeterminate Analysis, by Rev. A. D. Wheeler, p. 55; Complete 
List of Dr. Bowditch’s Writings, p. 57; Mathematical Monthly Notices, 
p. 66; Editorial Items, p. 71. 

No. III, December, 1859. Prize Problems for Students, p. 73; 
Report of the Judges upon the Solutions of the Prize Problems in 
No. XI, Vol. I, p. 74; Notes and Queries, p. 79; Note on the Greatest 
Common Divisor, by Prof. J. C. Porter, p. 79; Note on the Equation 
of Payments, by Pliny Earle Chase, p. 80; Decomposition of Irre- 
ducible Rational Fractions into Simple Fractions, p. 81; Review of the 
Prize Solution of the Last Problem in Emerson’s North American 
Arithmetic, by Hon. Finley Bigger, p. 82; Solution of Cubic Equations 
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by the Common Logarithmic Tables, by a Correspondent, p. 85; Note 
on the Trigonometric Solution of Equations of the Second Degree, p. 88; 
On the Motions of Fluids and Solids relative to the Earth’s Surface, 
by Prof. Wm. Ferrel, p. 89; The Elements of Quaternions, by W. P. G. 
Bartlett, p. 97; A Second Book in Geometry, by Rev. Thomas Hill, 
p. 102; Editorial Items, p. 104. 

No. IV, January, 1860. Prize Problems for Students, p. 105; 
Report of the Judges upon the Solutions of the Prize Problems in 
No. I, Vol. II, p. 106; Another Solution of Prize Problem I. No. 
IX, Vol. I, by George Eastwood, p. 111; Notes and Queries, p. 112; 
Note on Decimals, by Sam’! P. Bates, p. 112; Reduction of Fraction 
to a Common Denominator, p. 113; Note on the Superior Limit of the 
Roots of an Equation, by Prof. E. B. Weaver, p. 114; Analytical 
Solutions of the Ten Problems in the Tangencies of circles; and also 
of the fifteen problems in the tangencies of spheres, by Prof. George W. 
Coaklay, p. 116; Instances of Nearly Commensurable Periods in the 
Solar System, by Prof. Daniel Kirkwood, p. 126; Elements of Quatern- 
ions, by W. P. G. Bartlett, p. 128; Notes on Probabilities, by Simon 
Newcomb, p. 134; A Second Book in Geometry, by Rev. Thomas 
Hill, p. 140; Editorial Items, p. 144. 

No. V, February, 1860. Prize Problems for Students, p. 145; 
Report of the Judges upon the Solutions of the Prize Problems in 
No. II, Vol. II, p. 146; Prize Essay on Central Forces, by David Tow- 
bridge, p. 150; On Spherical Analysis, by George Eastwood, p. 163; 
The Laws of Falling Bodies, adapted to Elementary Instruction, by 
Thomas Sherwin, p. 166; The Elements of Quaternions, by W. P. G. 
Bartlett, p. 172; Mathematical Monthly Notices, p 175; Editorial 
Items, p. 176. 

No. VI, March, 1860. Prize Problems for Students, p. 177; 
Report of the Judges upon the Solutions of the Prize Problems in 
No. III, Vol. II, p. 178; Notes and Queries, p. 182; Problem for Solutions, 
by Prof. Rutherford; From the “Northumbrian Mirror,” 1838, p. 182; 
Isochronous Motions, p. 183; Solution of a Problem in “‘ Theoria Motus”’ 
by Prof. Richard Cotter, p. 185; On Spherical Analysis, by George 
Eastwood, p. 186; Notes on Analytical Trigonometry, by Prof. O. 
Root, p. 190; On the Indeterminate Analysis, by Rev. A. D. Wheeler, 
p. 193; The Elements of Quaternions, by W. P. G. Bartlett, p. 195; 
Properties of Curvature in the Ellipse and Hyperbola, by Chauncey 
Wright, p. 198; Problems in Celestial Mechanics, p. 204; Prof. Encke’s 
Method of Computing Special Pertubations, by Charles Henry Davis, 
Superintendent of the Nautical Almanac, p. 205; Mathematical Month- 
ly Notices, p. 223; Editorial Items, p. 224. 
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No. VII, April, 1860. Prize Problems for Students, p. 225; Report 
of the Judges upon the Solutions of the Prize Problems in No. IV, 
Vol. II, p. 226; Notes and Queries, p. 230; On Some Properties of the 
Powers of the Same Number, p. 230; Solution of a Problem in Me- 
chanics, p. 231; Reply to a Query, p. 232; Note on Equations of the 
Second Degree, by Dr. R. C. Matthewson, p. 232; Solution of Problems 
in Probabilities, by J. E. Hendricks, p. 234; On the Interpretation of 
Imaginary Roots in Questions of Maxima and Minima, by Major 
B. Alvord, p. 237; Letter of Le Verrier and Remarks of Faye upon the 
Intermercurial Planets. Translated by Commander C. H. Davis, 
p. 240; Application of the Binomial Theorem to the Extraction of the 
Roots of Whole Numbers, by Dr. T. Strong, p. 249; Mathematical 
Monthly Notices, p. 253; Editorial Items, p. 256. 

No. VIII, May, 1860. Prize Problems for Students, p. 257; 
Report of the Judges upon the Solutions of the Prize Problems in 
No. V, Vol. II, p. 258; Notes and Queries, p. 261; Note on Co-Factors, 
by Pliny Earle Chase, p. 261; Proposition in the Theory of Numbers, 
by H. Willey, p. 262; Note on the Ox Question, by Prof. Samuel 
Schooler, p. 263; Right Angled Triangles with Commensurable Sides, 
by Prof. D. W. Hoyt, p. 264; Solution of a Problem in “‘Theoria Motus”’, 
by Prof. Wm. Chauvenet, p. 265; Note on the Theory of Perspective, 
by G. B. Vose, p. 266; Note on the Rule of False, by Capt. D. P. Wood- 
bury, p. 267; Solution of Prize Problem III, Vol. I, No. V, by Prof. 
M. C. Stevens, p. 269; Graphic Demonstration of a Trigonometrical 
Formula, by E. Harrison, p. 270; Note on the Trisection of an Arc, 
by Pliny Earle Chase, p. 270; On Spherical Analysis, by George East- 
wood, p. 271; Notes on Probabilities, by Simon Newcomb, p. 272; 
The Method of Integration by Quadratures, by Commander Charles H. 
Davis, p. 276; On the Dependence of Napier’s Rules, by Rev. Anthony 
Vallas, p. 285; On the Transformation of the Derivative of any Power 
of a Variable, by Prof. G. C. Whitlock, p. 287; Exposition of the 
Process of Mathematical Development, by John Paterson, p. 290; 
Mathematical Monthly Notices, p. 295; Editorial Items, p. 296. 

No. IX, June, 1860. Prize Problems for Students, p. 297; 
Report of the Judges upon the Solutions of the Prize Problems in No. 
VI, Vol. II, p. 298; On Spherical Analysis, by George Eastwood, p. 
301; The Economy and Symmetry of the Honey Bees’ Cells, by 
Chauncey Wright, p. 304; A Second Book in Geometry, by Rev. 
Thomas Hill, p. 320; Mathematical Monthly Notices, p. 325; Edi- 
torial Items, p. 328. 

No. X, July, 1860. Prize Problems for Students, p. 329; Report 
of the Judges upon the Solutions of the Prize Problems in No. VII, 

















364 NATIONAL MATHEMATICS MAGAZINE 


Vol. II, p. 330; Notes and Queries, p. 333; Notes on the Inclined 
Plane and the Wedge, by Prof. J. L. Campbell, p. 333; Law of Gravity, 
p. 335; Development of Napierian Logarithms into Series by Artemas 
Martin, p. 336; Note on Right Angled Triangles, by Prof. E. S. Snell, 
p. 336; Note on Equal Temperaments, by M. H. Doolittle, p. 337; 
Note on the Same, by Rev. Thomas Hill, p. 338; On the Motions of the 
Ocean, by Prof. William Ferrell, p. 339; On the Mathematical Theory 
of Heat in Equilibrium, by Simon Newcomb, p. 346; Reply to Prof. 
F. W. Bardwell, by Capt. D. P. Woodbury, p. 355; Mathematical 
Monthly Notices, p. 356; Editorial Items, p. 359. 

No. XI, August, 1860. Prize Problems for Students, p. 361; 
Report of the Judges upon the Solutions of the Prize Problems in No. 
VIII, Vol. II, p. 362; Notes and Queries, p. 366; Problems in Division, 
in which all the Figures in the Divisor, but the right hand one are 
nines, by Prof. D. Wood, p. 366; Derivative of a* by Lucius Brown, 
p. 367; Remarks upon a supposed New Instrument for the Mechanical 
Trisection of an Angle, by Arthur W. Wright, p. 367; Note on the 
Irreducible Case, by Prof. E. W. Evans, p. 369; Problems in Imaginary 
Trigonometry, by Prof. J. C. Porter, p. 371; On the Motions of Fluids 
and Solids relative to the Earth’s Surface, by Prof. William Ferrell, 
p. 374; Editorial Items, p. 391; Mathematical Monthly Notices, p. 391. 

No. XII, September, 1860. Prize Problems for Students, p. 393; 
Notes and Queries, p. 394; Commensurable Sides of Right-Angled 
Triangles, nearly Isosceles, by Lucius Brown, p. 394; Note on the 
Equation (a?+6*)? = (a?—b?)?+ (2ab)?, by Prof. D. Wood, p. 394; On the 
Logarithmic Solution of Cubic Equations, by L.W. Meech, p. 395; On the 
Indeterminate Analysis, by Rev. A. D. Wheeler, p. 398; Solution of a 
Problem in “‘Curves of Pursuit,’’ by Dr. J. E. Hendricks, p. 413; 
Second Solution, by Prof. O. Root, p. 414; Note on Diacaustics, by 
Rev. Thomas Hill, p. 416; On the Locus of Perpendicular Tangents 
to any Conic Section, by Prof. Wm. Chauvenet, p. 419; The Central 
School of Arts and Manufactures at Paris, by William Watson, p. 
422; Editorial Items, p. 425; Index of Proper Names, p. 426; Alpha- 


betical Index, p. 428. 
Contents of Volume III 


No. I, October, 1860. Prize Problems for Students, p. 1; Note 
on some Properties of Square Numbers, by Prof. D. W. Hoyt, p. 2; 
Note on the ‘Horizontal Thrust of Embankments’’, by Prof. F. W. 
Bardwell, p. 6; Note on the Dependence of Equations, by John Borden, 
p. 7; Note on Numerical Equations, by Prof. A. Vallas, p. 10; Report 
of the Judges upon the Solutions of the Prize Problems in No. IX, 
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Vol. II, p. 18; Report of the Judges upon the Solutions of the Prize 
Problems in No. X, Vol. II, p. 22; Discussion of the Equations which 
determine the Position of a Comet or other Planetary body from three 
Observations, by G. W. Hill, p. 26; Mathematical Monthly Notices, 
p. 30. 

No. II, November, 1860. Prize Problems for Students, p. 33; 
Remarks on the ‘Problem of the Lights’’, by Prof. W. H. Parker, 
p. 34; Note on the ‘‘Problem of the Lights’’, by Hugh Godfray, Esq., p. 
38; An Easy Mode of Approximating to the Time of Vibration in a Circu- 
lar Arc, by Prof. L. R. Gibbes, p. 40; Report of the Judges upon the 
Solutions of the Prize Problems in No. XI, Vol. II, p. 46; Notes and 
Queries, p. 51; Note of the Greatest Common Measure, by E. Hunt, 
Esq., p. 51; Notes from Todhunter’s Algebra, p. 52; Exposition of the 
Process of Mathematical Development, by John Paterson, p. 55; 
Mathematical Monthly Notices, p. 61; Editorial Items, p. 64. 

No. III, December, 1860. Prize Problems for Students, p. 65; 
Notes and Queries—Perfect Squares—Problems—Note on Prize 
Solution of Problem III, p. 25; Correction of the Method of Comput- 
ing Six Per Cent Interest for Days—Solution of Problem V, No. IX, 
Vol. II—Note on Powers of Binomials—The Arithmetic Mean of 
any Number of Positive Quantities is Greater than the Geometric 
(mean)—Note on the Successive Derivatives of tan y, 66-70; The 
earth Considered as a Spheriod of Revolution—Geodetic Formulas, 
by Dr. R. C. Matthewson, p. 71; On Spherical Analysis, by George 
Eastwood, p. 78; A treatise on Determinants, by James Edward 
Oliver, p. 86; Mathematical Monthly Notices, p. 90. 

No. IV, January, 1861. Prize Problems for Students, p. 97; 
Notes and Queries—To express the Sines and Cosines of the Sum and 
Difference of Two Angles in Terms of the Sines and Cosines of the 
Angles themselves—In a Spherical Triangle, to express the Cosine 
of an Angle in Terms of the Sines—Cosines of the Sides—Note on 
Napier’s Rules of Circular Parts. Report of the Judges upon the 
Solutions of the Prize Problems in No. XII, Vol. II, p. 104; Exposi- 
tion of the Process of Mathematical Development, by John Paterson, 
p. 108; Notes on Probabilities, by Simon Newcomb, p. 119; Mathe- 
matical Monthly Notices, p. 125. 

No. V, February, 1861. Prize Problems for Students, p. 129; 
Report of the Judges upon the Solutions of the Prize Problems in No. I, 
Vol. III, p. 130; Descriptive Geometry of one Plane, by William Wat- 
son, p. 133; Notes and Queries, p. 149; A general Method ‘of Finding 
Tangents to Algebraic Curves, by Walter Holliday, p. 149; Squares 
of Numbers Ending in 5, 25, and 75, by J. F. Roberson, p. 150; Solu- 
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tion of Problems V, No. X, Vol. II, by Asher B. Evans, p. 151; On an 
Approximate and Graphical Rectification of the Circle, by A. S. Herschel, 
p. 152; Mathematical Monthly Notices, p. 155; Editorial Items, 
p. 160. 

No. VI, March, 1861. Prize Problems for Students, p. 161; 
Award of the Prizes for Solutions of Problems in No. II, Vol. III, 
p. 162; First prize Essay—On the Conformation of the Earth, by 
G. W. Hill, p. 166; Notes and Queries— A Logical Outline of Arith- 
metic, by Prof. E. Brooks, p. 182; Notes, by Prof. M. C. Stevens, 
p. 184; Notes on Geometry, by Pike Powers, p. 185; Problem, by 
David Trowbridge, p. 187; In any triangle, plane or spherical, if 
a,B,y, denote the perpendiculars dropped from the angles upon the op- 
posite sides, given the radii of the inscribed and circumscribed circles, 
the distance between the centres, the radii of the escribed circles, and the 
distance between the centers of these circles and the center of a circle, 
whose radius is 7 then prove a number of relations. Magic Table, by 
Artemas Martin, p. 189; Note, by Prof. D. W. Hoyt, p. 189; Mathe- 
matical Monthly Notices, p. 190; Editorial Items, p. 192. 


No. VII, April, 1861. Prize Problems for Students, p. 193; 
Award of the Prizes for Solutions of the Problems in No. III, Vol. III, 
p. 194; Solutions of Numerical Equations of the Third Degree, by 
Prof. J. C. Porter, p. 198; Motion on an Inclined Plane, by Thomas 
Sherwin, p. 206; The Theory of the Gyroscope, by Theodore G. Ellis, 
p. 209; A Complete Catalogue of the Writings of Sir John Herschel, 
Prepared by the Author, p. 220; Editorial Items, p. 228. 


No. VIII, May, 1861. Prize Problems for Students, p. 229; Award 
of the Prizes for Solutions of Problems in No. IV, Vol. III, p. 230; 
On the Geometrical Construction of Certain Curves by Points, by 
H. A Newton, p. 235; Second Prize Essay.—On Central and Dis- 
turbing Forces, by David Trowbridge, p. 245; Note on a Question in 
Interest, by Prof. J. C. Porter, p. 254; Note on the General Theory of 
Equations, by Prof. E. W. Evans, p. 256; Note on Trigonometrical 
Formulas, by Prof. R. M. Moore, p. 258; Mathematical Monthly 
Notices, p. 259. 

No. IX, June, 1861. Prize Problems for Students, p. 261; To 
change a series into a Continued Fraction, by Asaph Hall, p. 262; 
On the Geometrical Construction of Certain Curves by points, by 
Prof. H. A. Newton, p. 268; Award of the Prizes for Solutions of Prob- 
lems, in No. V, Vol. III, p. 280; Demonstration of the Law of Equi- 
librium in the Lever by Theo. Strong, p. 283; Mathematical Monthly 
Notices, p. 286; Editorial Items, p. 292. 
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No. X, July, 1861. Third Prize Essay.—The Method of Projec- 
tions, by Arthur W. Wright, p. 293; Mathematical Notes, by Matthew 
Collins, p. 306; The Pendulum, by Thomas Sherwin, p. 312; The 
Polytechnic School at Paris, by William Watson, p. 320. 

No. XI, August, 1861. On the Diophantine Analysis, by Rev. 
A. D. Wheeler, p. 325; Notes on the Theory of Probability.—Insur- 
ance, by Simon Newcomb, p. 343; Award of the Prizes for Solutions 
of Problems in No. VI, Vol. III, p. 349; The Ecole des Ponts et Chaus- 
sées at Paris, p. 351; The Mathematical Monthly Notices, p. 354. 

No. XII, September, 1861. On the Results of Accelerated Velocity, 
by John Paterson, p. 357; Fourth Prize Essay.—Spherical Conics, 
by C. M. Woodward, p. 361; Equation and Construction of the Hyper- 
bolia, by John Warner, p. 375; Convenient Formule for Interpola- 
tion, by William Farrel, p. 377; Alphabetical Index. .., p. 385. 


With volume III, The Mathematical Monthly ceased publication, 
though nowhere in the volumes possessed by the writer, did the Editor 
give any notice of his intention to discontinue its publication. How- 
ever, the Civil War having begun to manifest its disorganizing and 
destructive effect on the progress and development of the country may 
have had all to do with the final decision of its Editor. 

In bringing this review of The Mathematical Monthly to a close, 
it is fitting that a few biographical remarks be made concerning its 
eminently successful and efficient Editor. 

J(ohn) D(aniel) Runkle was born Oct. 11, 1822 and died July 
8, 1902. He was born at Root, Montgomery County, N. Y., and spent 
his early life on a farm. Although handicapped at this time in his 
efforts to secure an education, he persevered, and at the age of twenty- 
five, he was able to enter the newly established Lawrence Scientific 
School at Harvard. In the Harvard Catalogue of 1848-1849, his 
name stands alone ‘‘Student in Mathematics’. He was a member 
of the first graduating class of the Lawrence Scientific School, receiving 
the two degrees of S. B. and M. A., simultaneously, in 1851; after his 
graduation, he sent two of his four younger brothers to Harvard. In 
1852, he contributed to the Astronomical Journal on the elements of 
Thetis and Psyche. In 1856, his new tables for determining the values of 
the coefficients in the Perturbative Function of Planetary Motion, were 
published in the Smithsonian Contributions to Knowledge and other 
tables followed in 1857. In 1858, as we have seen, he began the publi- 
cation of The Mathematical Monthly. In 1849, he had begun a con- 
nection with the Nautical Almanac, a relationship which continued 
in One way or another for thirty-five years. 








368 NATIONAL MATHEMATICS MAGAZINE 


In 1862, Runkle married Catherine Robbins. In that same year, 
the Massachusetts Institute of Technology was founded and Runkle 
became its first secretary. He was Professor of Mathematics in the 
Institute from 1865 to 1868 and from 1880 to 1902 when he was made 
Professor Emeritus. In 1868, when illness incapacitated President 
William Barton Rogers, Runkle became acting president and from 
1870 to 1878 he was president. 

For a little fuller account of Mr. Runkle, consult the Dictionary of 
American Biography, from which the foregoing was taken. 
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Simplification by Rotation 


By F. H. STEEN 
Georgia School of Technology 


1. Introduction. The standard treatment of the topic Simplifi- 
cation by Rotation in analytic geometry involves the derivation of the 
rotation formulas and proof of the fact that the xy term is eliminated 
when the angle of rotation ¢ is chosen according to the relationship 
tan 29=B/(A—C). Then, in a numerical problem, sin ¢ and cos ¢ 
are found from this relationship and are placed into the rotation 
formulas. The values obtained for x and y in terms of x’ and y’ are 
substituted into the given equation and the result expanded and then 
simplified. The final equation and the angle ¢ are used to sketch the 
curve. 

An algebraic treatment of the topic, as suggested in this paper, 
seems to have many advantages. The transformation equations are 
obtained at sight from a figure, the development is no more difficult 
than from the trigonometric point of view, the results are easily learned, 
and only the simplest numerical work is involved in an application. 


2. Development of Theory. Let the perpendicular lines y—mx =0 
and x-+my =0 (m positive) be a new pair of axes and let the coordinates 
of a point P(x,y) referred to these axes be x’ and y’, respectively (Fig. 1). 
Then, applying the formula for the distance from a line to a point in 
the usual way, with proper regard to choice of signs, we obtain 


: x+my P y—mx 
(1) fo, Se , 
y1l+m? yl+m? 
Solving the linear equations (1) for x and y we obtain 
'_$my! ‘4+ mx! 
(2) x nate ’ os daguneaee 
y1+m? yl+m? 
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FIG. |. 


Substitution of these values of x and y in the general second degree 
equation 


(I) Ax?+Bxy+Cy?+Dx+Ey+F =0 
gives 
(II) A'x!2+ B’x'y'+C'y"*+D'x'+E’y’+F’ =0. 


The resulting coefficient B’ of the x’y’ term is seen to be 


A(—2m)+B(1—m?)+C(2m) 
1+m? 





(3) 


which is zero for 





op - (EAD EM C= AP FB 
- 





Setting R=(C—A)/B and using the plus sign on the radical since m is 
positive, we have 


(4) m=R+ R?+1, R=(C-—A)/B. 
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Knowing m, the slope of the x’ axis, we can easily mark points 
S and T which when joined to the origin will give the x’ and y’ axes, 


respectively. 
Let the (x,y) coordinates of S be (x1,y,). Then (see Fig. 2) the 
(x’,y’) coordinates of S are 


x= Vx? +y12, yi’ =0. 








\ 7 AY 
\ x 
2 ad 
* Sum) 
al 
a 
= Oo x 
FIG. 2 


If we substitute the coordinates of S(x:,y,) into the quadratic 
terms of (I) we get the same result as when we substitute the coordi- 
nates of S(x,’,y:’) into the quadratic terms of (II). This gives 


Ax;?+ Bxuiyit+Cy,? =A’ (x,2+4;?) 





or 
Ax,?+Bxy,+Cy;? 
(5) A'= 1 wi Yi 
x+y? 
The same substitution into the linear terms of (1) and (II) gives 
Dx, + Ey: =D'yxi+y: 
or 
Dx, +E 
6) Ps. +EY; 





Vxe+y? 
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Repeating the substitutions using a point 7 (x2,y2) on the y’ 
axis, we obtain 








Ax.?+ Bx Cy-? 

7) C= 2 2Vet+Cye 
X27 +42? 

D E 
(8) E’- Xo +L V2 

V%2? +92? 
Evidently 
(9) F’' =F. 


It follows from (6) and (8) that any radicals introduced by the 
rotation can be expressed rationally in terms of OS, x,y, and the 
original unit. This is important in sketching the curve. 


SUMMARY: To remove the xy term from the equation (1) of a 
conic, refer 1t to new axes y—mx =0 and x+my =0, choosing m as follows: 


m=R+ R?+1, R=(C—A)/B. 


The coefficients of x’* and x’ in the resulting equation (I1) are obtained by 
substituting the coordinates of any point on y—mx =O into the quadratic 
and linear terms, respectively, of (1) and dividing by the sum of the squares 
of the coordinates of this point and the square root of the sum of the squares, 
respectively, The coefficients of y’? and y’ are obtained in a similar way 
using a point on x+my=0. The constant ts unchanged. 


3. Additional Relationships. Some interesting and useful rela- 
tionships among the constants of (I) and (II), true for all values of m, 
will now be derived. 


Using (—41,%1) aS (%2,y2) in (7) and adding to (5) we obtain 


(10) A’+C’=A+4+C. 
Similarly, using equations (6) and (8), 
(11) D? +E" =D?+E?. 


These relations serve as checks on computation. Equation (10) may 
be used for obtaining C’ when A’ has been found. 


From (3) we obtain 
(B’ — B) = —2m(A+Bm-—C)/(1+m?) 
(B’+B) = —2(Am—B—Cm)/(1+m?). 









































SIMPLIFICATION BY ROTATION 373 
Also, using (x1.¥:) =(1,m) in (5) we obtain 


(A’—C) =(A+Bm—C)/(1+m?) 
(A —A’) =m(Am—B—Cm)/(1+m?*) 


Hence (B’ — B) = —2m(A’—C) 

and (B’+B) = —2(A—A’)/m. 

Multiplying the last two equations together and using (10) we obtain 
(13) B?*—-4AC=B”"—-4A'C’ 


which is another of the standard relationships. 

4. Applications. Example 1. Simplify the following equation by 
arotation: 5x?—4xy+8y?=36. 
Here R=(8—5)/(—4)=—3/4; m=-—3/4+y(—3/4)?4+1=1/2. 


Thus, the x’ axis has a slope 1/2 and the y’ axis a slope —2. To draw 
these axes we join the points S(2,1) and 7(—1,2) to the origin. Using 
the coordinates of these points in further applying the method we 
obtain 


A’=(5:-4—4-2-1+8-1)/(4+1) =20/5=4 
C’=(5-1—4- —1-24+8-4)/(1+4) =45/5 =9.* 
and the new equation is 
4x/24+Qy’? = 36. 
Example 2. Simplify: x?+2xy+y?+4x*—4y=0. 
Here R=(1-1)/2=0; m=0++0?+1=1. 
Using S(1,1) and 7(—1,1) we obtain 
A’ =(1+2+4+1)/2=4/2=2; C’=(1-—2+1)/2=0 
D’ = (4—4)/v2 =0; E’ = (—4—4)/y2=—4y2 
and the new equation is 
2x'2—4y/2 y’=0, or x/?=2y2 y’.f 
Example 3. Simplify: 4x?—24xy+11ly?—24x+32y+40=0. 
Here R=(11—4)/(—24)=—7/24; m=—7/24+~(49/576) +1 =3/4. 


*Or, using (10), C’=(5+8) —4=9. 
tNote that OS= 2. 
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Using S(4,3) and 7(—3,4) we obtain 
A’=-—5, C’=20, D’=0, E’=40, and F’=40 
and the new equation is 
—5x’?+20y’2+ 40y’ +40 =0 
which can be written in the form 
x'2/4—(y’+1)?/1=1. 
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Mathematical World News 


Edited by 
L. J. ADAMS 


The complete program of the Mathematical Conferences at Stan- 
ford University, California on August 11, 12 is as follows: 

1. Truth and Mathematics. Professor E. T. Bell, California In- 
stitute of Technology. 

2. Some Notes on Geometry of Numbers. Professor H. F. Blich- 
feldt, Stanford University. 

3. Heuristic Reasoning and the Calculus of Probability. Professor 
G. Polya, Brown University. 

4. Statistical Estimation by Means of Confidence Intervals and by 
the Bayes Theorem. Professor J. Neyman, University of 
California, Berkeley. 

5. Independent Functions. Professor A. Zygmund, Mount Hol- 
yoke College. 

6. Pertodicity in Topology. Professor G. T. Whyburn, Univer- 
sity of Virginia. 

7. Functional Analysis in Topological Group Spaces. Professor 
A. D. Michal, California Institute of Technology. 

8. On Differential Operators of Infinite Order. Professor E. Hille, 
Yale University. 

9. Convex Domains and the Increase of Entire Functions. Pro- 
fessor G. Polya, Brown University. 

10. Problems of the Theory of Trigonometric Series. Professor 
A. Zygmund, Mount Holyoke College. 


In addition there will be an informal reception on Monday, 
August 11, at 8:30 p. m. 


The annual meeting of the National Academy of Sciences will be 
held at Washington, D. C., on April 28-30, 1941. 


Mathematical Reviews, the international journal which contains 
abstracts and reviews of current mathematical literature, now appears 
monthly. 


The British Association for the Advancement of Science proposes 
a ‘democratic charter of science’ in collaboration with American 
scientists, to be used by scientists throughout the world. Sir Richard 
Gregory has submitted a preliminary charter, to be considered by a 
committee including Sir Richard Gregory, H. G. Wells, Professor 
Alan Ferguson, Ritchie Calder and Professor Hyman Levy. 
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Professor Frederick G. Reynolds, chairman of the mathematics 
department of the College of the City of New York, has resigned from 
the position of secretary of the faculty. In June, 1941 he will retire 
from the chair of mathematics. 


The Southern California Section of the Mathematical Association 
of America met at the University of Redlands in Redlands, California 
on March 8, 1941. Professor O. Albert of the University of Redlands 
presided as chairman. The program follows: 
1. The place of mathematics in the curriculum. Professor G. R. 
Livingston, San Diego State College. 

2. Derivatives and the study of curves. Professor A. E. Taylor, 
University of California at Los Angeles. 

3. Mathematics in the Naval Reserve Training School. Captain 
R. M. Fawell, University of Southern California. 

4. Methods for solutions of secular equations. Professor J. H. 
Wayland, University of Redlands. 

5. Points of contact between mathematics and the civilian pilot 

training program. Professor W. T. Whitney, Pomona College. 

6. The resistance of ships. Professor Harry Bateman, California 

Institute of Technology. 

Officers elected for the academic year 1941-42 are: Chairman, Mr. 
L. J. Adams, Santa Monica Junior College; Vice-Chairman, Professor 
Morgan Ward, California Institute of Technology; Secretary, Professor 
Paul H. Daus, University of California at Los Angeles. The program 
committee for the coming year consists of: Chairman, Dr. D. C. 
Duncan, Los Angeles City College; Professor C. K. Alexander, Occi- 
dental College; Professor Paul H. Daus, University of California at 
Los Angeles. The next meeting of the Section will be held on March 
14, 1942 at Occidental College. 


The American Mathematical Monthly for February, 1941 announces 
the publication of a new series of Papers named in honor of the late 
Professor Herbert Ellsworth Slaught, to be published by the Mathe- 
matical Association of America. 


The following meetings of sections of the Mathematical Associa- 
tion of America are scheduled for the month of May: 
Allegheny Mountain. Pittsburgh, May 3. 
Indiana. Indianapolis, May 2-3. 
Maryland-District of Columbia. Annapolis, Md., May. 
Nebraska. Lincoln, May. 
Upper New York State. Ithaca, May 3. 
Wisconsin. Beloit, May 3. 
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The summer meeting of the Mathematical Association of America 
will be held at the University of Chicago, September 1-3, 1941. The 
annual meeting will be held at Bethlehem, Pennsylvania, on December 
29, 1941-January 2, 1942. 


Dr. D. T. McClay has been appointed instructor in mathematics 
at the Georgia School of Technology. 


The Mathematics Section of the Southern California Junior 
College Conference is scheduled to meet at Chaffey Junior College in 
Ontario, California on April 19, 1941. The program follows: 

1. Admission Examinations for the California Institute of Tech- 
nology. Professor L. E. Wear, California Institute of Tech- 
nology. 

2. Mathematical training for C. A. A. trainees. Mr. W. W. Weber, 
Chief Instructor of Ground School, Cal-Aero Academy. 

3. Klein’s Famous Problems in Geometry. Dr. D.C. Duncan, Los 
Angeles City College. 


An Engineering Defense Training Institute opened at Brooklyn 
Law School on February 10, 1941. There are some four hundred 
students, chosen from ten thousand applicants. Several engineering 
colleges are cooperating by furnishing their facilities to this Institute. 


Profess G. A. Miller, University of Illinois, discusses General or 
Special in the Development of Mathematics, in the March 7, 1941 issue 
of Science. 


On February 21, 1941 the American Mathematical Society held 
a symposium on Applied Mathematics at Columbia University. Dr. 
W. A. Shewart, Bell Telephone Laboratories, discussed Mathematical 
Statistics in Mass Production. During the course of his remarks he 
stated that statistical control can provide ‘‘a technique for modify- 
fying and coordinating the three fundamental steps in the process of 
mass production, namely, specification, manufacturing and inspection, 
so that the maximum number of pieces of product having a quality 
within specified tolerance limits can be turned out at given cast.’’ 


Dr. A. N. Whitehead, professor of philosophy emeritus of Harvard 
University, celebrated his eightieth birthday on February 15, 1941. 


Dr. Lancelot Hogben, guest professor of genetics at the University 
of Wisconsin and widely known as the author of Mathematics for the 
Million, has returned to England. 


Most of the articles in the March, 1941 issue of The Mathematics 
Teacher deal with the training of teachers of secondary mathematics. 
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SOLUTIONS 


No. 377. Proposed by V. Thébault, San Sebastian, Spain. 
Form two perfect squares whose sum shall be 148392. 
Solution by Edwin Comfort, University of Arkansas. 


(2n)?=0 mod 4, (2n+1)?0 mod 4, (3n)?=0 mod 3, (3n+1)?=1 
mod 3 are obvious for every ifteger n. Put 


(1) x?+y? = 148392. 
148392=0 mod 4 implies that both x and y are even. With x=2a, 
y =2b, (1) becomes 

a? +b? =37098. 
Since 37098=0 mod 3, both a and b are multiples of 3 and we put 
a=3c, b=3d to find 

c?+d? = 4122. 
Similarly, c=3e, d=3f gives 

e? +f? = 458. 
in which e and f must be odd. Substitution of e=2g+1, f=2h+1 
(hence x = 36g+18, y=36h+18) gives 
4g(g+1)+43h(h+1) =57. 


Thus we require two triangular numbers with sum 57. From the first 
eleven triangular numbers, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, and 66, 

















PROBLEM DEPARTMENT 379 


the unique solution is seen to be 36+21=57. Thus g and h are the 
numbers 6 and 8, whence x and y are 234 and 306. 


Also solved by H. T. R. Aude, Annie M. H. Christensen, W. B. 
Clarke, C. S. Cushman, D. L. MacKay, C. W. Trigg, and the Proposer. 


No. 378. Proposed by Robert C. Yates, Louisiana State University. 


An ellipse moves so that it is always tangent to two perpendicular 
lines. Find the locus of a focus. 


Solution by H. T. R. Aude, Colgate University. 


Two well known properties of the ellipse are: (1) The feet of the 
perpendiculars from a focus to the tangents of an ellipse lie on the 
circle over the major axis of the ellipse as a diameter. (2) Perpendicu- 
lar tangents to an ellipse intersect on the circle concentric with the 
ellipse. The radius of the circle is equal to the square root of the sum 
of the squares of the semiaxes of the ellipse. 

With these two properties in mind choose the perpendicular lines 
for coordinate axes. Let the given ellipse have semiaxes a and b, a>, 
and denote the coordinates of the center (a,8). Assume the ellipse in 
any position tangent to these axes. On account of the second proper- 
ty, it is true that 


(1) a? +p? =a?+)?, 


The circle on the major axis of the ellipse as diameter will have the 
equation 


(2) (x —a)’?+(y—B)*? =a’. 


The intercepts of this circle on the x—axis and the y—axis are given 
respectively by the relations 


(3) (x—a)?=a°—B, (y—)?=a?—a’. 


On account of the first property the coordinates of a focus P(x, y) 
are given by a set of the values of the variables x and y in (3). From 
the relations in (3) and (1) it follows that 


(4) 2xa=x?+b? and 2yB=y?+b?. 
Eliminating a and 8 between statements (4) and (1) gives the relation 
[ (x?-+b*) /x]?+[ (y?+b*)/y]? = 4a? +-40°, 
and this is the equation of the locus. 
Also solved by Charles H. Cunkle. 
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No. 379. Proposed by E. C. Kennedy, Texas College of Arts and In- 
dustries. 


Consider 


k?+T,,_; 
T,= co 0 T: <k ,& 
Serr — 


What is the largest value of k? such that the sequence {7,} converges 
to a real positive number? What is the number? 
Solution by the Proposer. 
Assuming that {7,,} has a positive limit 7, we have at once 
T =(k?+T)'*/(4—T)? or 
(1) T*—4T?+T+k*?=0. 
This cubic has two positive roots or none according as its discriminant 
satisfies A>O or A<O. Since A=12+184k?—27k‘, we have 
k? < (92 +2613) /27; 


whence the desired maximum of k? is 6.8794, corresponding to A =0. 
Conversely, for certain values of k? the sequence {7,,} converges 
to the smaller positive root of (1). See Problem No. 264, this Maga- 
zine for April, 1939, p. 348; also Kennedy, Root Isolation Through 
Curve Analysis, this Magazine for April, 1940, pp. 373-378. In the 
case A=0, (1) has a positive double root, easily calculated, whence 


T = (4+-13)/3 = 2.4389. 


No. 380. Proposed by N. A. Court, University of Oklahoma. 

The polar lines of a fixed line with respect to the spheres of a 
coaxal pencil lie on a quadric surface. 

Solution by Paul D. Thomas, Norman, Oklahoma. 


The problem is that of finding the envelope of the polar planes 
of a point with respect to the spheres of a coaxal pencil as the point 
describes a fixed straight line. Let the fixed line be x =ar, y =br, z=c. 
The polar planes of any point of this line with respect to the spheres: 


x?+y?+2?+2gx+d=0 





with parameter g are 
f=arx+obry+cz+g(x+ar)+d=0. 


For the envelope: f,=x+ar=0. 

















PROBLEM DEPARTMENT 381 


Eliminating 7 between f and f, we have the equation of the quadric 
ax?+bxy+acz—ad=0. 
Interesting special cases are noted for a, b, c zero. 
Also solved by the Proposer. 


No. 381. Proposed by Paul D. Thomas, Norman, Oklahoma. 


The locus of the point Q is a circle if Q is the foot of the perpen- 
dicular from a point P upon the polar of P with respect to the conic 
x?/t+y?/b? =1, where / is a parameter. 


Solution by W. T. Short, Oklahoma Baptist University. 
The polar of P : (x:,7,) with respect to the conic is 
b?x1x+t(yiy — 5?) =0. 
The perpendicular to this through P is 
ty, (x — x1) = b?x;(y — 1). 
Eliminating ¢ between these equations we have as the locus of Q: 
Ii(x?+y?) — xix — (0? +)17)y +by, =0. 
the equation of a circle. 
Also solved by Charles S. Cushman and the Proposer. 


No. 383.* Proposed by E. P. Starke, Rutgers University. 


Find the number of triangles of all kinds whose sides are positive 
integers and whose largest side does not exceed a given number, K. 


Solution by George A. Yanosik, New York University. 


The number of triangles with at least one side equal to K, and 
with no side greater than K, is easily seen to be 


K+(K—-2)+---+2=K(K+2)/4=n(n+1), K=2, or 
K+(K-—2)+---+1=(K+1)*/4=m, K=2n-1, 


according as K is even or odd. Then the number of triangles whose 
greatest side is K or less is given by 


12K 2K 
> n(n+1)+ > m?=K(K+2)(2K+5)/24 or 
n=1 m=1 


*Through an error, this problem also appears as No. 390. 
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1/2(K—1) 2(K+1) 
dS n(nt1)+ SY m?=(K+1)(K+3)(2K +1)/24, 
n=1 


m=1 
according as K is even or odd. 
Also solved by W. Raymond Crosier, and G. W. Wishard. 
Editor’s Note: Several of our contributors submitted solutions 
which failed to take account of those triangles whose greatest side is 
less than K. 


No. 384. Proposed by W. L. Roberts, Colgate University. 


In an attempt to locate an enemy cannon during the World War, 
microphones were stationed on a straight line at A, at B, 2,200 feet 
from A, and at C, 4,400 feet from A. The explosion reached B '/, 
second and C */, seconds after it was heard at A. Assuming the speed 
of sound to be 1,100 feet per second, find how far the enemy cannon 
was from points A, B, and C and at what angles with the line ABC 
cannon must be adjusted at A, B, and C to destroy the enemy gun. 

Solution by D. L. MacKay, Evander Childs High School, New 
York. 

If G is the position of cannon, let AG=x. Then BG=x+550, 
CG=x+1650. Using the median formula,* we have: 

x?+ (x+1650)? = 2(2200)?+2(x +550)?, 
whence x=6875=AG; BG=7425; CG=8525. 

Triangle BGC is similar to the triangle with sides (31,27,8) whose 
inradius r= 10/1/(11) and tan(C/2) =1/(s —c) =5/3y(11) =.5025. Thus 
ZC=53.36°. In like fashion we find angles A and GBA. 


Also solved by Walter B. Clarke and H. M. Zerbe. 
PROPOSALS 


No. 407. Proposed by Mathematics Club, Tulane University. 


Construct a square such that an interior point is distant 3, 4, and 5 
units from three of its vertices. 


No. 408. Proposed by Howard D. Grossman, New York City. 


. ~ *  e.. L ry3 
rove —-—+—-——+::-= R 
> 10 3 9 





*The sum of the squares of two sides of a triangle equals half the square of the 
third side plus twice the square of the median to that side.—Eb. 
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No. 409. Proposed by Paul D. Thomas, Norman, Oklahoma. 


Construct a triangle given the lengths of the median and internal 
bisector issued from the same vertex, and the angle between them. 


No. 410. Proposed by V. Thébault, San Sebastian, Spain. 


In what system of numeration, with base less than 100, is the 
three-digit number 333 a perfect square? 


No. 411. Proposed by D. L. MacKay, Evander Childs High School, 
New York. 


Given the angles B and E. Draw a line ACDF, parallel to a given 
line and cutting the sides of angle B in A and C, and those of angle 
E in D and F so that AC=DF. 


No. 412. Proposed by S. B. Townes, University of Oklahoma. 


If p is a prime of the form 4n+1 and K is any positive integer, 

show: 

(a) There exists a representation x*+y?+ pz? of Kp if and only if K 
cannot be written in the form 4’(8s+7), r20, s=0. 

(b) There exists a representation x*+y?+2pz? of Kp if and only if K 
cannot be written in the form 2-4’(8s+7), r20, s=0. 


No. 413. Proposed by Paul D. Thomas, Norman, Oklahoma. 


A circle is described on the line joining the foci of the hyperbola 
x*/a?—y*?/b?=1 as a diameter. Show that the locus of the pole of a 
variable chord of the hyperbola which is tangent to the circle is also 
the envelope of the chords of contact of pairs of orthogonal tangents 
drawn to the ellipse x?/a?+?/b?=1. 


No. 414. Proposed by E. P. Starke, Rutgers University. 


Let a and £ be the roots of /? — at —1=Q and let f(x) =x/(1—ax—x?). 
Show that f” (0) =n!(a"—")/(a—B). 
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Advances and Applications of Mathematical Biology. By Rashevsky Nicolas, 
University of Chicago Press, Chicago, IIl., 1940. xiii+214 pages. $2.00. 


“‘Mathematical Biology” is here to be taken as synonymous with the author’s 
coinage ‘‘Mathematical Biophysics”, and it denotes the elaborations of quantitative 
biological theories from premises which describe the properties of and relations among 
the physical elements, either as observed or as hypothecated. It is therefore broader 
in scope than the “ Biologie Mathematique” of Kostitzin. But since this is a record of 
the personal research of the author and his associates, no reference will be found to 
Kostitzin, Volterra, Lotka, et a/., nor is any discussion of the field of genetics included. 
The book here under review follows by less than two years the same author’s Mathe- 
matical Biophysics (University of Chicago Press, 1938). During this interval radical 
approximations have been introduced, and as a result, the mathematics in the second 
book is much more elementary than that in the first, and a considerably greater number 
of direct contacts have been made with the laboratory. Discussion of these contacts, 
however, is not a part of this review. 

It is convenient to follow the author’s earlier division, and to classify the problems 
treated according as they relate to the vegetative cell, to reacting (nerve) cells, or to 
the nervous system as a whole. Treatment of the cell, whether vegetative, or reacting, 
simply extends certain chapters of classical physics, whereas for the discussion of the 
nervous system postulates of a somewhat different order are required. In all, the first 
six chapters are devoted to the vegetative cell, the seventh to excitation in nerve, the 
eighth is a transition chapter, while the last four chapters deal with the nervous system. 

The vegetative cell is studied as a seat of metabolic reactions enclosed by a per- 
meable or semi-permeable membrane, and immersed in an infinite liquid medium from 
which it draws its metabolites. As such it gives rise to concentration gradients in its 
own interior as well as in the surrounding medium. It is, therefore, acted upon by the 
forces resulting from these gradients, and its surface is the seat of surface energy due to 
the surface tension. The possible effects of electrolytes and of differential permeability 
of the membrane to the dissociated ions are not considered. 

An exact solution of the diffusion equations is, at best, not feasible even for a cell 
whose form does not vary, because of the diversity and complexity of the boundaries 
of different cells. Since, nevertheless, the behavior (growth and division) of the cells 
seems to be far more uniform than the cell shapes, the author pictures the cell as being 
essentially a cylinder or a spheroid, according to convenience. Moreover, in order to 
avoid partial differential equations entirely, he pictures the diffusion flow as being 
purely radial and purely axial, with both internal and external gradients uniform. 
Thus instead of speaking of the concentrations at a point, the author speaks of the 
“‘average”’ internal concentration, the “‘average”’ internal concentrations at the ‘‘ends” 
and that at the “‘sides”’, the ‘‘average”’ external concentration at the ‘‘ends”’ and that 
at the “sides”, and the concentration at infinity. In this way only linear algebraic, 
and ordinary differential equations arise. 

First, the differential equation in the average internal concentration of a single 
metabolite is derived in terms of the cellular dimensions, the reaction rate, the diffusion 
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coefficients, and the permeability. If the reaction rate is assumed constant this equa- 
tion is linear. Next, while involving the chemical law of mass action, and postulating 
certain specific chemical reactions, it is assumed that the concentration equation holds 
for each of the metabolites. From these assumptions the steady-state reaction rates 
are determined. 

The forces from diffusion and surface tension then come into consideration as 
possible causes of cell division. Diffusion forces are thought of as acting not only on 
the membrane, but also on colloidal particles within the cell. After an estimate is 
made as to the magnitude of the forces on these particles, Betti’s theorem giving the 
rate of deformation of an elastic solid is employed along with the laws of plastic flow 
to determine the rate of elongation of the cell. For a nearly-spherical cell, an ordinary 
differential equation in the axial radius is obtained, from which it is possible to obtain 
a “critical” radius, beyond which a spherical cell will begin to elongate (and perhaps 
to divide), below which it will not. For a cell already in the process of division there 
is an ordinary differential equation in the radius of the ‘‘neck”’. 

Chapter IV discusses two possible growth mechanisms. The first assumes the 
cause to be the accumulation of metabolic products and, certain special assumptions 
being made as to the nature of the reactions, there results an asymptotic limit to the 
size of the cell in the cases when the formal limit does not exceed the critical size. The 
other assumes the expansion of the cell membrane resulting from osmotic (or other) 
forces to be the cause of growth. Chapter V takes up the simultaneous variation of 
shape and internal concentration of a single metabolite, and considers qualitatively 
the equilibria which may arise. The spherical shape is always an equilibrium shape, 
as one must expect, but there may be two others when the physical constants are 
suitably related. Discussion of the vegetative cell is concluded with a brief consider- 
ation of the possibility of protoplasmic streaming as a result of an asymmetric place- 
ment of stroma and catalyzers (nucleus) within the cell. 

In nerve, three phenomena require explanation and description: excitation, con- 
duction, and transmission. The theory of the first is essentially formal. Stimulation 
is supposed to lead to the development, within the nerve fiber, of two antagonistic 
substances or states, the rate of development being some increasing function of the 
intensity of the stimulus, and the rate of dissipation being proportional to its own 
measure. Excitation is to occur when the ratio of the measure of the “excitatory” 
state to that of the “inhibitory” state exceeds a certain fixed amount called the 
“threshold”. Thus the excitatory process is described by a pair of simultaneous linear 
differential equations of the first order. Conduction is passed by in the present work 
with a brief mention and reference to previous work. 

The discussion of transmission provides the transition to theories of the nervous 
system. The same excitation equations are regarded as describing a process at the 
synapse (junction between terminus and origin of two nerve fibers); the use of such 
equations, which imply continuous activity, for describing the results of a rapid suc- 
cession of discrete bursts of activity (action spikes) is justified as a kind of averaging 
process. At any synapse the difference between the measures of the two states or sub- 
stances which results from the activity of the incoming fiber is taken as the measure of 
the intensity of the stimulus which acts upon the outgoing nerve fiber. 

The topological relations among the nerve fibers which connect the receptor with 
the effector organs in a biological organism, together with the values of the parameters 
which are associated with each of the component fibers, and which occur in the equations 
for describing the manner in which the fiber develops the two antagonistic states, these 
are taken as the essential determiners of the reaction of the organism when it is placed 
in any given stimulus situation. All the special theories relating to the nervous system 
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are built up by postulating a particular neural structure and investigating the impli- 
cated activity (time-course of excitation in the constituent nerve fibers) as a function 
of the intensity of the peripheral stimulus. Thus for obtaining the time-interval be- 
tween stimulus and reaction as a function of the stimulus intensity, a simple chain of 
nerve fibers is postulated; for predicting the effect of a warning stimulus, two parallel 
incoming fibers are taken as leading to a single outgoing fiber; parallel chains with 
mutually inhibitory connections, together with a postulated random influx of excita- 
tion independent of the stimuli, yield predicted distributions of psychophysical 
judgments (comparison of simultaneously presented stimuli); another complex of 
parallel fibers with mutually inhibitory interconnections yields the discrimable differ- 
ence as a function of the stimulus intensity (comparison of successively presented 
stimuli); and the beginning of an esthetic theory of visual forms is based on a network 
of fibers connecting cerebral centers governing the eye-muscles and a postulated 
“‘pleasure center”. Where the steady state is supposed to have been reached with a 
constant stimulus, and the number of fibers supposed to be small, the equations are 
all finite and are either algebraic or involve exponentials. However, when many fibers 
are supposed to be acting, statistical smoothing leads to integral equations where 
the limits of integration must be so adjusted that the solution of the equation is no- 
where negative. These equations, therefore, differ somewhat from the classical Vol- 
terra and Fredholm forms. 

From a mathematical point of view, this book is far more interesting for the prob- 
lems it raises than for those which it solves. To mention but a few of these, there are 
the partial differential equations of diffusion, whether with fixed or with moving bounda- 
ries, which the author side-steps at the outset, and later there are the equations which 
describe the forces acting on the cell. The author’s ordinary differential equations of 
the concentrations of the metabolites have not been worked out for the non-stationary 
state even for a special postulated chain of chemical reactions. The general type of 
integral equations occurring in the theory of the nervous system provide interesting 
features. And a system of ‘‘Kirchoff equations’’ for describing nervous transmission 
is needed. If the mathematicians of the future are to derive their inspiration from 
biology, as they have done in the past from physics, they should find here a good be- 
ginning. 

University of Chicago. ALSTON S. HOUSEHOLDER. 


Elements of Calculus. By Abraham Cohen, D. C. Heath and Company, N. Y., 
1940. v+583 pages; Answers, 35 pages. $3.50. 


The author has designed this book for students in pure mathematics and for those 
intending to use the calculus in the sciences. The book contains more material than a 
class can cover in the limited time ordinarily scheduled for the first course in the cal- 
culus, for, as the author says in his preface, “‘it is more satisfactory to omit, if necessary, 
certain parts of a comprehensive text than to have to supply any missing material 
from outside sources.” 

Functional notation, graphs, and limits are briefly treated in Chapter 1. In the 
Appendix is a fuller exposition of the concept of a limit and the elementary theorems 
on limits with proofs. Differentiation formulas and exercises in their use are presented 
in two parts: Chapter 2, on algebraic functions. and Chapter 6, on transcendental 
functions. 

The geometrical application of derivative as slope is made in Chapter 2. The 
applications to maxima and minima and to curve sketching are in Chapters 3 and 4. 
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The derivative as rate of change is deferred to Chapter 5, on physical applications. 
Further geometrical applications including curvature are made in Chapter 7 for curves 
in rectangular and polar coordinates. Most of the curves in this chapter are treated 
as special curves and are accompanied by names and figures. 

The differential is delayed to Chapter 8 where it is defined and treated in relation 
to the increment of a function and applied as the approximate value of the increment. 
The brief treatment of differential is preparatory to the definition of integration as the 
process inverse to differentiation. Finding the integral of udu is practiced without 
and with the introduction of a new variable. The few simple geometrical and physical 
applications in this chapter do not include the finding of an area under a curve. 

The common methods of integration are fully dealt with in Chapter 9 and Chapter 
10 so as to develop mastery of integration by means of a score of formulas. It is left 
to the instructor to lay out exercises in the use of a table of integrals. The definite 
integral as the limit of a sum and the common properties of definite integrals are treated 
in Chapter 11, where applications are made to finding the area under a curve and to the 
length of an arc. Improper integrals, Wallis’ formulas, and Simpson’s rules are included 
in this chapter. 

Additional applications of the definite integral are presented in two chapters: in 
Chapter 12, areas and lengths of arcs in rectangular and polar coordinates, volumes by 
parallel sections and by hollow cylinders, surfaces of revolution, work done by a force, 
liquid pressure, and mean value of ordinates; in Chapter 13, mass, center of gravity, 
moment of inertia, and attraction. 

The exposition of partial derivatives in Chapter 14 includes maxima and minima 
of functions of several variables, Euler’s theorem on a homogeneous function, and 
exact differential. Chapter 15 on envelopes is brief and yet adequate for a first course. 

In Chapter 16, on multiple integrals, the double integral is sufficiently treated with 
applications, but the triple integral is very briefly treated. 

The matter on infinite series in Chapter 17 includes the Cauchy integral test, 
the comparison and ratio tests, and power series as preparatory to the concise exposi- 
tion of Maclaurin’s and Taylor’s series. 

Under miscellaneous theorems and applications in Chapter 18 there are gathered 
together Rolle’s theorem, mean value theorem for differentiation, Taylor’s theorem 
with forms of the remainder, and several common indeterminate forms. 

In the Appendix, of sixty-nine pages, appear the further treatment of limits, al- 
ready mentioned, the hyperbolic functions, the elements of solid analytic geometry, 
some formulas and theorems from algebra, mensuration, trigonometry, analytic geom- 
etry, and a table of 201 integrals. 

Although there are about eighty more pages devoted to the differential calculus 
than to the integral, the book is fairly evenly balanced. There are 190 figures. The 
answers to the exercises are in a separate booklet. 

Even though the author has made good use of much of the material of his earlier 
book, he has not made a mere revision: he has written more simply and put in more 
illustrative exercises and many more problems. The publishers have produced an 
attractive book by their excellent printing. 


Vanderbilt University. WILSON L. MISER. 
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